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exp(tA), (t ∈ R) 2× 2

A

2 × 2 A
exp(tA) (t ∈ R) 2 × 2

n− (n ∈ N)
n × n A A

exp(A) = eA :=
∞∑
k=0

Ak

k!

A
exp(0) = I, I
exp((t+ s)A) = exp(tA) exp(sA) (t, s ∈ R)

A,B AB = BA exp(A+B) = exp(A) exp(B).

‖·‖ Mn(C) n × n

exp(tA) =
∞∑
k=0

tkAk

k! ‖exp(tA)‖ ≤ et∥A∥ (t ∈ R)

n×n A
d
dty(t) = Ay(t), y(0) = y0 y(t) = etAy0

exp(tA) (t ∈ R) 2× 2
R2

UDC: 519.61:517.983.6
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d
dty(t) = Ay(t)+z(t), y(0) = y0 I = exp(0) = exp(A+(−A)) = exp(A) exp(−A)

exp(A)

[exp(A)]−1 = exp(−A) exp : Mn(C)→ GL(n,C)
GL(n,C) n

n×n

Mn(C) t � −→ exp(tA) A ∈ Mn(C) t ∈ R
GL(n,C) exp(0) = I

exp((t+s)A) = exp(tA) exp(sA) (t, s ∈ R) T (t) := exp(tA)
(t ∈ R)

Cn Cn A
Cn

T (t) (t ∈
R) X X T (0) = I

X T (t + s) = T (t)T (s) X t, s ∈ R
X s −

lim
t→0

T (t)x = x x ∈ X T (t) (t ∈ R)
C0−

X A A D(A) ={
x ∈ X : lim

h→0

T (h)x−x
h

}
x ∈ D(A) Ax := lim

h→0

T (h)x−x
h

T (t) (t ∈ R)
T (t) (t ∈ R) X

T ′(t) = AT (t) T (0) = I A
T (t) (t ∈ R) A = T ′(0) D(A)

A
T (t) (t ∈ R) T (t) (t ≥ 0)

X A X

T (t) = exp(tA) =
∞∑
k=0

tkAk

k! (t ∈ R).

A ∈ M2(R)

T (t) = exp(tA) =
∞∑
k=0

tkAk

k! (t ∈ R) M2(R)

R2

Ramiz Vugdalic
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exp(tA), (t ∈ R) 2× 2

A A

A =

[
0 a
0 0

]
A =

[
0 0
a 0

]
A =

[
a a
a a

]

A =

[
a 2a
4a −a

]

A =

[
±a 0
0 ±a

]
A =

[
0 b
a2

b 0

]
(a, b �= 0)

A =

[
a b

c2−a2

b −a

]
(b, c �= 0) A =

[
±a 0
b ∓a

]
(a �= 0)

A =

[
±a b
0 ∓a

]
(a �= 0) A =

[
0 b

−a2

b 0

]
(a, b �= 0)

A =

[
a b

−c2−a2

b −a

]
(b, c �= 0)

T (t) = exp(tA) (t ∈ R)

T (t) =

[
1 at
0 1

]
T (t) =

[
1 0
at 1

]
T (t) =

[
1
2

(
e2t + 1

)
1
2

(
e2t − 1

)
1
2

(
e2t − 1

)
1
2

(
e2t + 1

)
]

T (t) =

[
cosh(3at) + 1

3 sinh(3at)
2
3 sinh(3at)

4
3 sinh(3at) cosh(3at)− 1

3 sinh(3at)

]
T (t) =

[
e±at 0
0 e±at

]

T (t) =

[
cosh(at) b

a sinh(at)
a
b sinh(at) cosh(at)

]

T (t) =

[
cosh(ct) + a

c sinh(ct)
b
c sinh(ct)

c2−a2

bc sinh(ct) cosh(ct)− a
c sinh(ct)

]

T (t) =

[
e±at 0

b
a sinh(at) e∓at

]
T (t) =

[
e±at b

a sinh(at)
0 e∓at

]

T (t) =

[
cos(at) b

a sin(at)−a
b sin(at) cos(at)

]
T (t) =

[
cos(ct) + a

c sin(ct)
b
c sin(ct)

−c2−a2

bc sin(ct) cos(ct)− a
c sin(ct)

]

T (t) =

[
T11 T12

T21 T22

]

A =

[
0 a
0 0

]
A2 = 0

T (t) = exp(tA) = I + tA =

[
1 at
0 1

]
.

EXAMPLES OF GROUP exp(t   A),(t R) OF 2×2 REAL MATRICES IN CASE 
MATRIX A DEPENDS ON SOME REAL PARAMETERS
exp(tA), (t ∈ R) 2× 2

A

2 × 2 A
exp(tA) (t ∈ R) 2 × 2

n− (n ∈ N)
n × n A A

exp(A) = eA :=
∞∑
k=0

Ak

k!

A
exp(0) = I, I
exp((t+ s)A) = exp(tA) exp(sA) (t, s ∈ R)

A,B AB = BA exp(A+B) = exp(A) exp(B).

‖·‖ Mn(C) n × n

exp(tA) =
∞∑
k=0

tkAk

k! ‖exp(tA)‖ ≤ et∥A∥ (t ∈ R)

n×n A
d
dty(t) = Ay(t), y(0) = y0 y(t) = etAy0

exp(tA) (t ∈ R) 2× 2
R2
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A =

[
0 0
a 0

]
A2 = 0

T (t) = exp(tA) = I + tA =

[
1 0
at 1

]
.

A =

[
a a
a a

]
A2 =

[
2a2 2a2

2a2 2a2

]
A3 =

[
4a3 4a3

4a3 4a3

]

Ak =

[
2k−1ak 2k−1ak

2k−1ak 2k−1ak

]
(k ∈ N)

T11 = T22 = 1+
∞∑
k=1

tk

k!

(
2k−1ak

)
= 1+

1

2

∞∑
k=1

(2at)k

k!
= 1+

1

2

(
e2at − 1

)
=

1

2

(
e2at + 1

)
.

T12 = T21 =
∞∑
k=1

tk

k!

(
2k−1ak

)
=

1

2

∞∑
k=1

(2at)k

k!
=

1

2

(
e2at − 1

)
.

T (t) =

[
1
2

(
e2t + 1

)
1
2

(
e2t − 1

)
1
2

(
e2t − 1

)
1
2

(
e2t + 1

)
]
.

A =

[
a 2a
4a −a

]
A2 =

[
9a2 0
0 9a2

]
A3 =

[
9a3 18a3

36a3 −9a3

]

A4 =

[
81a4 0
0 81a4

]

A2k−1 =

[
32k−2a2k−1 2 · 32k−2a2k−1

4 · 32k−2a2k−1 −32k−2a2k−1

]
= 32k−2a2k−1

[
1 2
4 −1

]
(k ∈ N)

A2k =

[
32ka2k 0

0 32ka2k

]
(k ∈ N).

T11 = 1 +
∞∑
k=1

t2k

(2k)!

(
32ka2k

)
+

∞∑
k=1

t2k−1

(2k − 1)!

(
32k−2a2k−1

)

= 1 +

∞∑
k=1

(3at)2k

(2k)!
+

1

3

∞∑
k=1

(3at)2k−1

(2k − 1)!
= cosh(3at) +

1

3
sinh(3at),

T22 = 1 +
∞∑
k=1

t2k

(2k)!

(
32ka2k

)
−

∞∑
k=1

t2k−1

(2k − 1)!

(
32k−2a2k−1

)

= 1 +

∞∑
k=1

(3at)2k

(2k)!
− 1

3

∞∑
k=1

(3at)2k−1

(2k − 1)!
= cosh(3at)− 1

3
sinh(3at),

Ramiz Vugdalic
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exp(tA), (t ∈ R) 2× 2

T12 = 2

∞∑
k=1

t2k−1

(2k − 1)!

(
32k−2a2k−1

)
=

2

3
sinh(3at) T21 = 2T12 =

4

3
sinh(3at).

T (t) =

[
cosh(3at) + 1

3 sinh(3at)
2
3 sinh(3at)

4
3 sinh(3at) cosh(3at)− 1

3 sinh(3at)

]
.

A =

[
±a 0
0 ±a

]
A2k =

[
a2k 0
0 a2k

]
A2k−1 =

[
±a2k−1 0

0 ±a2k−1

]

(k ∈ N) T21 = T12 = 0

T11 = T22 = 1 +
∞∑
k=1

a2kt2k

(2k)!
±

∞∑
k=1

a2k−1t2k−1

(2k − 1)!
= cosh(at)± sinh(at) = e±at

T (t) =

[
e±at 0
0 e±at

]
.

A =

[
0 b
a2

b 0

]
(a, b �= 0) A2 =

[
a2 0
0 a2

]
A3 =

[
0 a2b
a4

b 0

]

A4 =

[
a4 0
0 a4

]
A5 =

[
0 a4b
a6

b 0

]
A6 =

[
a6 0
0 a6

]

A2k =

[
a2k 0
0 a2k

]
A2k−1 =

[
0 a2k−2b
a2k

b 0

]
(k ∈ N).

T11 = T22 = 1 +
∞∑
k=1

a2kt2k

(2k)!
= cosh(at) T12 =

∞∑
k=1

a2k−2bt2k−1

(2k − 1)!
=

b

a
sinh(at)

T21 =

∞∑
k=1

a2k

b

t2k−1

(2k − 1)!
=

a

b
sinh(at).

T (t) =

[
cosh(at) b

a sinh(at)
a
b sinh(at) cosh(at)

]
.

EXAMPLES OF GROUP exp(t   A),(t R) OF 2×2 REAL MATRICES IN CASE 
MATRIX A DEPENDS ON SOME REAL PARAMETERS
exp(tA), (t ∈ R) 2× 2

A

2 × 2 A
exp(tA) (t ∈ R) 2 × 2

n− (n ∈ N)
n × n A A

exp(A) = eA :=
∞∑
k=0

Ak

k!

A
exp(0) = I, I
exp((t+ s)A) = exp(tA) exp(sA) (t, s ∈ R)

A,B AB = BA exp(A+B) = exp(A) exp(B).

‖·‖ Mn(C) n × n

exp(tA) =
∞∑
k=0

tkAk

k! ‖exp(tA)‖ ≤ et∥A∥ (t ∈ R)

n×n A
d
dty(t) = Ay(t), y(0) = y0 y(t) = etAy0

exp(tA) (t ∈ R) 2× 2
R2
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A =

[
a b

c2−a2

b −a

]
(b, c �= 0) A2 =

[
c2 0
0 c2

]
A3 =

[
ac2 bc2

c2(c2−a2)
b −ac2

]

A4 =

[
c4 0
0 c4

]
A5 =

[
ac4 bc4

c4(c2−a2)
b −ac4

]
A6 =

[
c6 0
0 c6

]

A2k =

[
c2k 0
0 c2k

]
A2k−1 =

[
ac2k−2 bc2k−2

c2k−2(c2−a2)
b −ac2k−2

]
(k ∈ N).

T11 = 1 +

∞∑
k=1

c2kt2k

(2k)!
+

∞∑
k=1

ac2k−2t2k−1

(2k − 1)!
= cosh(ct) +

a

c
sinh(ct),

T22 = 1 +

∞∑
k=1

c2kt2k

(2k)!
−

∞∑
k=1

ac2k−2t2k−1

(2k − 1)!
= cosh(ct)− a

c
sinh(ct),

T12 =

∞∑
k=1

bc2k−2t2k−1

(2k − 1)!
=

b

c
sinh(ct), T21 =

∞∑
k=1

c2k−2
(
c2 − a2

)
b

t2k−1

(2k − 1)!
=

c2 − a2

bc
sinh(ct),

T (t) =

[
cosh(ct) + a

c sinh(ct)
b
c sinh(ct)

c2−a2

bc sinh(ct) cosh(ct)− a
c sinh(ct)

]
.

A =

[
±a 0
b ∓a

]
(a �= 0) A2 =

[
a2 0
0 a2

]
A3 =

[
±a3 0
a2b ∓a3

]

A4 =

[
a4 0
0 a4

]

A2k =

[
a2k 0
0 a2k

]
A2k−1 =

[
±a2k−1 0
a2k−2b ∓a2k−1

]
(k ∈ N).

T11 = 1 +
∞∑
k=1

a2kt2k

(2k)!
±

∞∑
k=1

a2k−1t2k−1

(2k − 1)!
= cosh(at)± sinh(at) = e±at,

T12 = 0 T21 =
∞∑
k=1

a2k−2bt2k−1

(2k − 1)!
=

b

a
sinh(at),

T11 = 1 +

∞∑
k=1

a2kt2k

(2k)!
∓

∞∑
k=1

a2k−1t2k−1

(2k − 1)!
= cosh(at)∓ sinh(at) = e∓at,

T (t) =

[
e±at 0

b
a sinh(at) e∓at

]
.

Ramiz Vugdalic
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exp(tA), (t ∈ R) 2× 2

A =

[
±a b
0 ∓a

]
(a �= 0) T (t) =

[
e±at b

a sinh(at)
0 e∓at

]
.

A =

[
0 b

−a2

b 0

]
(a, b �= 0) A2 =

[
−a2 0
0 −a2

]
A3 =

[
0 −a2b
a4

b 0

]

A4 =

[
a4 0
0 a4

]
A5 =

[
0 a4b

−a6

b 0

]
A6 =

[
−a6 0
0 −a6

]

A2k =

[
(−1)ka2k 0

0 (−1)ka2k

]
A2k−1 =

[
0 (−1)k−1a2k−2b

(−1)ka2k

b 0

]
(k ∈ N).

T11 = T22 = 1 +
∞∑
k=1

(−1)ka2kt2k

(2k)!
= cos(at) T12 =

∞∑
k=1

(−1)k−1a2k−2bt2k−1

(2k − 1)!
=

b

a
sin(at)

T21 =

∞∑
k=1

(−1)ka2k

b

t2k−1

(2k − 1)!
=

−a

b
sin(at), T (t) =

[
cos(at) b

a sin(at)−a
b sin(at) cos(at)

]
.

A =

[
a b

−c2−a2

b −a

]
(b, c �= 0)

A2 =

[
−c2 0
0 −c2

]
A3 =

[
−ac2 −bc2

c2(c2+a2)
b ac2

]
A4 =

[
c4 0
0 c4

]

A5 =

[
ac4 bc4

−c4(c2+a2)
b −ac4

]
A6 =

[
−c6 0
0 −c6

]

A2k =

[
(−1)kc2k 0

0 (−1)kc2k

]
A2k−1 =

[
(−1)k−1ac2k−2 (−1)k−1bc2k−2

(−1)kc2k−2(c2+a2)
b (−1)kac2k−2

]
(k ∈ N).

T11 = 1 +

∞∑
k=1

(−1)kc2kt2k

(2k)!
+

∞∑
k=1

(−1)k−1ac2k−2t2k−1

(2k − 1)!
= cos(ct) +

a

c
sin(ct),

T22 = 1 +
∞∑
k=1

(−1)kc2kt2k

(2k)!
−

∞∑
k=1

(−1)k−1ac2k−2t2k−1

(2k − 1)!
= cos(ct)− a

c
sin(ct),

EXAMPLES OF GROUP exp(t   A),(t R) OF 2×2 REAL MATRICES IN CASE 
MATRIX A DEPENDS ON SOME REAL PARAMETERS
exp(tA), (t ∈ R) 2× 2

A

2 × 2 A
exp(tA) (t ∈ R) 2 × 2

n− (n ∈ N)
n × n A A

exp(A) = eA :=
∞∑
k=0

Ak

k!

A
exp(0) = I, I
exp((t+ s)A) = exp(tA) exp(sA) (t, s ∈ R)

A,B AB = BA exp(A+B) = exp(A) exp(B).

‖·‖ Mn(C) n × n

exp(tA) =
∞∑
k=0

tkAk

k! ‖exp(tA)‖ ≤ et∥A∥ (t ∈ R)

n×n A
d
dty(t) = Ay(t), y(0) = y0 y(t) = etAy0

exp(tA) (t ∈ R) 2× 2
R2
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T12 =

∞∑
k=1

(−1)k−1bc2k−2t2k−1

(2k − 1)!
=

b

c
sin(ct),

T21 =

∞∑
k=1

(−1)kc2k−2
(
c2 + a2

)
b

t2k−1

(2k − 1)!
=

−c2 − a2

bc
sin(ct),

T (t) =

[
cos(ct) + a

c sin(ct)
b
c sin(ct)

−c2−a2

bc sin(ct) cos(ct)− a
c sin(ct)

]
.

�

T (t) (t ∈ R)
C(t) (t ∈ R)

C(t) = 1
2 [T (t) + T (−t)] (t ∈ R)

C(0) = I C(t+ s) +C(t− s) = 2C(t)C(s) t, s ∈ R A
T (t) (t ∈ R), A2 C(t) (t ∈ R).

A A2

C(t) (t ∈ R) R2 :

C(t) =

[
1 0
0 1

]
= I

C(t) =

[
1
2 (cosh(2t) + 1) 1

2 (cosh(2t)− 1)
1
2 (cosh(2t)− 1) 1

2 (cosh(2t) + 1)

]
C(t) =

[
cosh(3at) 0

0 cosh(3at)

]

C(t) =

[
cosh(at) 0

0 cosh(at)

]
C(t) =

[
cosh(ct) 0

0 cosh(ct)

]

C(t) =

[
cos(at) 0

0 cos(at)

]
C(t) =

[
cos(ct) 0

0 cos(ct)

]
.

exp(tA), (t ∈ R) 2× 2

Ramiz Vugdalic


