GOCE DELCEV UNIVERSITY - STIP
FACULTY OF COMPUTER SCIENCE

ISSN 2545-479X print
ISSN 2545-4803 on line

BALKAN JOURNAL
OF APPLIED MATHEMATICS
AND INFORMATICS
(BJAMI)

T

e kLA

YEAR 2018 VOLUME I, Number 1



GOCE DELCEV UNIVERSITY - STIP, REPUBLIC OF MACEDONIA
FACULTY OF COMPUTER SCIENCE

ISSN 2545-479X print
ISSN 2545-4803 on line

BALKAN JOURNAL
OF APPLIED MATHEMATICS
AND INFORMATICS

BALKAN JOURNAL

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

(BJAMI)

YEAR 2018 VOLUME I, Number 1



AIMS AND SCOPE:
BJAMI publishes original research articles in the areas of applied mathematics and informatics.

Topics:

1. Computer science;

Computer and software engineering;

Information technologys;

Computer security;

Electrical engineering;

Telecommunication;

Mathematics and its applications;

Articles of interdisciplinary of computer and information sciences with education,
economics, environmental, health, and engineering.

PN R WD

Managing editor
Biljana Zlatanovska Ph.D.

Editor in chief
Zoran Zdravev Ph.D.

Technical editor
Slave Dimitrov

Address of the editorial office
Goce Delcev University — Stip
Faculty of philology

Krste Misirkov 10-A

PO box 201, 2000 Stip,

R. of Macedonia

BALKAN JOURNAL
OF APPLIED MATHEMATICS AND INFORMATICS (BJAMI), Vol 1

ISSN 2545-479X print
ISSN 2545-4803 on line
Vol. 1, No. 1, Year 2018



EDITORIAL BOARD

Adelina Plamenova Aleksieva-Petrova, Technical University - Sofia,
Faculty of Computer Systems and Control, Sofia, Bulgaria
Lyudmila Stoyanova, Technical University - Sofia , Faculty of computer systems and control,
Department — Programming and computer technologies, Bulgaria
Zlatko Georgiev Varbanov, Department of Mathematics and Informatics,
Veliko Tarnovo University, Bulgaria
Snezana Scepanovic, Faculty for Information Technology,
University “Mediterranean”, Podgorica, Montenegro
Daniela Veleva Minkovska, Faculty of Computer Systems and Technologies,
Technical University, Sofia, Bulgaria
Stefka Hristova Bouyuklieva, Department of Algebra and Geometry,
Faculty of Mathematics and Informatics, Veliko Tarnovo University, Bulgaria
Vesselin Velichkov, University of Luxembourg, Faculty of Sciences,
Technology and Communication (FSTC), Luxembourg
Isabel Maria Baltazar Simées de Carvalho, Instituto Superior Técnico,
Technical University of Lisbon, Portugal
Predrag S. Stanimirovi¢, University of Nis, Faculty of Sciences and Mathematics,
Department of Mathematics and Informatics, Nis, Serbia
Shcherbacov Victor, Institute of Mathematics and Computer Science,
Academy of Sciences of Moldova, Moldova
Pedro Ricardo Morais Inacio, Department of Computer Science,
Universidade da Beira Interior, Portugal
Sanja Panovska, GFZ German Research Centre for Geosciences, Germany
Georgi Tuparov, Technical University of Sofia Bulgaria
Dijana Karuovic, Tehnical Faculty “Mihajlo Pupin”, Zrenjanin, Serbia
Ivanka Georgieva, South-West University, Blagoevgrad, Bulgaria
Georgi Stojanov, Computer Science, Mathematics, and Environmental Science Department
The American University of Paris, France
Iliya Guerguiev Bouyukliev, Institute of Mathematics and Informatics,
Bulgarian Academy of Sciences, Bulgaria
Riste Skrekovski, FAMNIT, University of Primorska, Koper, Slovenia
Stela Zhelezova, Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Bulgaria
Katerina Taskova, Computational Biology and Data Mining Group,
Faculty of Biology, Johannes Gutenberg-Universitit Mainz (JGU), Mainz, Germany.
Dragana Glusac, Tehnical Faculty “Mihajlo Pupin’, Zrenjanin, Serbia
Cveta Martinovska-Bande, Faculty of Computer Science, UGD, Macedonia
Blagoj Delipetrov, Faculty of Computer Science, UGD, Macedonia
Zoran Zdravev, Faculty of Computer Science, UGD, Macedonia
Aleksandra Mileva, Faculty of Computer Science, UGD, Macedonia
Igor Stojanovik, Faculty of Computer Science, UGD, Macedonia
Saso Koceski, Faculty of Computer Science, UGD, Macedonia
Natasa Koceska, Faculty of Computer Science, UGD, Macedonia
Aleksandar Krstev, Faculty of Computer Science, UGD, Macedonia
Biljana Zlatanovska, Faculty of Computer Science, UGD, Macedonia
Natasa Stojkovik, Faculty of Computer Science, UGD, Macedonia
Done Stojanov, Faculty of Computer Science, UGD, Macedonia
Limonka Koceva Lazarova, Faculty of Computer Science, UGD, Macedonia
Tatjana Atanasova Pacemska, Faculty of Electrical Engineering, UGD, Macedonia






CONTENT

Aleksandar, Velinov, Vlado, Gicev
PRACTICAL APPLICATION OF SIMPLEX METHOD FOR SOLVING
LINEAR PROGRAMMING PROBLEMS ..ottt et eeesaeesevaesseaeesesnneesennees 7

Biserka Petrovska , Igor Stojanovic , Tatjana Atanasova Pachemska
CLASSIFICATION OF SMALL DATA SETS OF IMAGES WITH
TRANSFER LEARNING IN CONVOLUTIONAL NEURAL NETWORKS ......cccccovnnnnnne. 17

Done Stojanov
WEB SERVICE BASED GENOMIC DATA RETRIEVAL........ccccooviiiiiricccccee 25

Aleksandra Mileva, Vesna Dimitrova
SOME GENERALIZATIONS OF RECURSIVE DERIVATES
OF k-ary OPERATIONS ..ottt ssese et sacsessesenne 31

Diana Kirilova Nedelcheva
SOME FIXED POINT RESULTS FOR CONTRACTION
SET - VALUED MAPPINGS IN CONE METRIC SPACES ... oottt e e 39

Aleksandar Krstev, Dejan Krstev, Boris Krstev, Sladzana Velinovska
DATA ANALYSIS AND STRUCTURAL EQUATION MODELLING
FOR DIRECT FOREIGN INVESTMENT FROM LOCAL POPULATION ....ccovvvveeeeeeeeennee. 49

Maja Srebrenova Miteva, Limonka Koceva Lazarova
NOTION FOR CONNECTEDNESS AND PATH CONNECTEDNESS IN
SOME TYPE OF TOPOLOGICAL SPACES ...ttt ettt estessesasessesnsesanens 55

The Appendix

Aleksandra Stojanova , Mirjana Kocaleva , Natasha Stojkovikj , Dusan Bikov,

Marija Ljubenovska , Savetka Zdravevska , Biljana Zlatanovska , Marija Miteva ,

Limonka Koceva Lazarova

OPTIMIZATION MODELS FOR SHEDULING IN KINDERGARTEN

AND HEALTHCARE CENTES ..ottt ettt et esae v easesasesesssenasenveennen 65

Maja Kukuseva Paneva, Biljana Citkuseva Dimitrovska, Jasmina Veta Buralieva,

Elena Karamazova, Tatjana Atanasova Pacemska

PROPOSED QUEUING MODEL M/M/3 WITH INFINITE WAITING

LINE IN A SUPERMARKET ...ttt ettt sttt sat s saessnae s snasssaesennas 73

Maja Mijajlovikjl, Sara Srebrenkoska, Marija Chekerovska, Svetlana Risteska,

Vineta Srebrenkoska

APPLICATION OF TAGUCHI METHOD IN PRODUCTION OF SAMPLES

PREDICTING PROPERTIES OF POLYMER COMPOSITES .....cccocooioinninirnneeeeccennes 79

Sara Srebrenkoska, Silvana Zhezhova, Sanja Risteski, Marija Chekerovska

Vineta Srebrenkoska Svetlana Risteska

APPLICATION OF FACTORIAL EXPERIMENTAL DESIGN IN

PREDICTING PROPERTIES OF POLYMER COMPOSITES ....ooooiieeeeeeeeeeeeeeeeene 85

Igor Dimovski, Ice Gjumandeloski, Filip Kochoski, Mahendra Paipuri,

Milena Veneva , Aleksandra Risteska

COMPUTER AIDED (FILAMENT WINDING) TAPE PLACEMENT

FOR ELBOWS. PRACTICALLY ORIENTATED ALGORITHM ....ccooevetiiiiieeeeeeeeeeeeene 89






SOME FIXED POINT RESULTS FOR o — v — CONTRACTION SET -
VALUED MAPPINGS IN CONE METRIC SPACES

Diana Kirilova Nedelcheva
Department of Mathematics, Technical University of Varna, Bulgaria

dkondova@abv.b

UDK: 515.124:517.275
Abstract. In this paper are consider two ¢ — i — contraction set valued mappings in cone metric spaces. For the

composition of these two set - valued mappings is proved a fixed point theorem. With the idea of obtaining the
uniqueness of the fixed point in the single - valued case is made an additional assumptions, too.
Key words: o — admissible set valued mapping; o —i — contraction set valued mappings; cone metric

space; fixed point theorem; generalized Hausdorff distance.
This paper was partially supported by the Bulgarian National Scientific Fund, Grant DFNI-102/10.

1. Introduction

Huang and Zhang [8] have examined cone metric spaces over solid Banach spaces. Cone metric spaces
can be considered as a generalized version of the metric spaces. The above - mentioned researchers
determined convergence and completeness in such spaces and provided a proof of some fixed point
theorems for contractive single-valued mappings. Samet [15] has presented the notions of o —
admissible and & —y — contractive type mappings and as a result established some fixed point

theorems using these concepts. The reader can find more fixed point results via admissible operators and
variations of & —y/ — contractive type mappings in [1],[2],[3],[4],[5],[6],[10],[12],[14],[15].

Let (E,||-]|;) be a real Banach space with zero element 6. Let P be a subset of E satisfying the
following conditions:

(P1) P is non-empty closed and P # {8 };

(P2) ax+by e P forall x,y€ P and a,b€ R, a,b>0;
®3) P[1(-P)=16).

These three conditions mean that P is nonempty, closed, convex, pointed cone and P is not the trivial
cone. Moreover, we will assume that the cone P has nonempty interior, i.e. P is solid.
Now we can define a partial order = on £ with respect to the cone P C E. We will say that the

element X precedes y and we will write x = y, if and only if y—x € P. We will say that x strictly

precedes y and write x < y, if and only if y—Xx € P, but x # ). Finally, we will write x < y if

and only if y—x €intP, where int P stands for the interior of P.

The cone P is called normal if there is a number K > 0, such that for all x, y € E, we have
0<x=<y = |xl,<Klyl,.

The least positive number K satisfying this inequality is called the normal constant of P. It is proved

that K >1.

Throughout the paper we will always suppose that E is a Banach space, P is a nonempty closed convex

pointed cone in E with intP # 3. When the cone needs to be normal it will be mentioned in the
statements in the theorems.

Definition 1.1. A cone metric space is an ordered pair (X,d), where X is any set and
d : X x X — E is a mapping, satisfying

() d(x,y) € P, thatis @ <d(x,y), forall x,y € X and d(x,y) =0 ifand only if x = y;

(i) d(x,y)=d(y,x), forall x,y € X;

(i) d(x,y) 2d(x,z)+d(z,), forall x,y,z€ X.

The elements of cone metric space (X,d), are called points. Obviously, every metric space is a cone

metric space over R. In [13] is shown that the theory of cone metric spaces over solid vector spaces is
very close to the theory of the metric spaces.
Convergence in cone metric space is defined as follows.
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Definition 1.2. ([8])Let (X,d) be a cone metric space, let {X, } be a sequence in X and x € X. If
forany ¢ € P with @ < ¢ , thereis N >1 such that forall n> N, d(x,,x) < c, then {x, } is said

to be convergent. We will say {xn } converges to X and write X, —> X, as n—> 0,

Further in the paper we will use the following results.

Lemma 1.3. ([8]) Let (X,d) be a cone metric space with cone P. Let {x, } be a sequence in X.
Then

(i) {xn} converges to X if d(xn,x) —0, as n —> oo;

(ii) if P is a normal cone then {xn} converges to X if and only if d(xn,x) —0, as n —> o,
Lemma 1.4. ([8]) Let (X, d) be a cone metric space, P is a normal cone with normal constant K. Let
{x, } beasequencein X. If {x, } convergesto X and {x, }convergesto y, then X =}.

Definition 1.5. ([8]) Let (X,d) be a cone metric space, {x, } be a sequence in X and let x € X. If
forany c € P with @ < ¢, thereis N =1 such that forall n, m> N, d(x,,x,)<<c, then {x, } is
called a Cauchy sequence in X

Definition 1.6. ([8]) Let (X,d) be a cone metric space. If every Cauchy sequence is convergent in X,
then (X, d) is called a complete cone metric space.

Definition 1.7. ([8]) Let (X,d) be a cone metric space. We say that a subset 4 of X is closed if for
any sequence {X, / in 4 convergentto X we have x € A.

Lemma 1.8. ([9],[13]) Let (X,d) be a cone metric space with cone P . Then the following properties

hold:
If u=v and v & W, then u <K< W.

() If u<<v and v W, then u <K w.

(iii) If u <KV and v < W, then u << w.

(iv) If @ <=u <K c foreach c € intP, then u=_0.

) If ¢ €intP, and a, is a sequence in E suchthat @ < a, forall neN and a, - 0 as n — o,
then there exists N € N such that for all n > N, we have a, < c.

i) ItP+ P CintP i, if u << aand v=<b, then u+v<<a+b.

Following the notion of & — admissible mapping ( see Samet [15]), Asl [5] introduced the multi-valued
version of this concept O, — admissible operator. Mohammadi [12] extended this last notion to
a — admissible operator as follows.

Definition 1.9. ([12]) Let X be a non-empty set, /': X = X and a: X x X —[0;00) be two given
mappings. We say that F is o —admissible whenever for each X, € X and x, € Fx, with
o(x,,x,) =1, we have a(x,,x;) =1, forall x; € Fx,.

From now on we will suppose that ¥ is a family of functions {/ : P —> P that satisfy the following
three assumptions

(W 1) w(@)=6 and @<y (t)<t for t € P—{ 6O }(consequently () <t forall t € P );
(W 2) w(t) <t forall <t

(Y 3) w(a)<w(b) whenever a<b (i.e. | is strictly order preserving).
For a cone metric space we denote

CB(X):={A: A isnon —empty, closed and bounded subset of X },
s(p)={qeE:p=q), for peE

and
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s(a,B) =/ s(d(a,b)), for ac X and B e CB(X).
beB
Cho and Bae [7] introduced the concept of the generalized Hausdorff distance operator in cone metric
spaces and obtained a fixed point results for multi-valued operators using this concept. For

A,B € CB(X) they considered the set

s(4,B) = (ﬂ s(a,B)jﬂ(ﬂ s(A,b)j

acA beB
and make the following remarks.

Remark 1.10. ([7]) Let (X,d) be a cone metric space. If £ =R and P =[0,0), then (X,d) isa

metric space. Moreover, for A,Be CB(X), H(A,B)=infs(A,B) is the Hausforff distance

induced by d.

Remark 1.11. ([7]) Let (X, d) be a cone metric space. Then, s({a},{b}) =s(d(a,b)) for a,be X.

Definition 1.12. Let (X, d) be a cone metric space, i : P— P and a: X x X —[0,00) are two

given mappings. The multi-valued operator /' : X — CB(X) is said to be an & — — contraction if
w(d(x',x") e a(x',x")s(Fx', Fx"), forall x",x" e X.

Lemma 1.13. Let (X,d) is a cone metric space in a real Banach space E.

(i) Let g € P and A,B € CB(X). If g € (A, B), then q € s(a,B), forall a € A.

(i) Let g € P and A >0, then As(q) < s(1q).

In [11], Kutbi and Situnavarat proved a contraction mapping principle for & —y/ — contractive type set

valued mapping. In this paper, our aim is to prove a similar result for a composition of two set valued
mappings.

2. Main result

Theorem 2.1. (Double contraction principle for admissible set - valued mappings)

Let (X,d) and (Y, D) are complete cone metric spaces with solid cone P in a real Banach space E
and y, Y. Let a: XxX —[0,00) and B:YxY —[0,0) are two given mappings. Let
T:X —>CB(Y) and S:Y — CB(X) are set valued mappings such that the mapping SoT is & -

admissible operator and T oS is [} -admissible operator. Suppose that the following conditions are
satisfied:
(i) w(d(x,x") € a(x,x")s(Tx,Tx"), forall x,x" e .X;

(i) p(D(y,y") € B(y,))s(Sy,S), forall y,y' eY;

Gii) im y"(t)=46, forall te P—{6};

(iv) there exist y, €Y, Xy €8y, ¥, €Tx, and x, €S8y, such that o(xy,x;)=1 and
Py y) 21

(v) if the sequences {x, } © X and {y, } Y are such that a(x,,x, )=1, B(y,», )21 forall

neN and {x,} > x, {y } >y as n—> 0 then a(x,,x) =1 and f(y,,y) 21 forall ne N.
Then there exist X € X and y €Y such that X €Sy and y € TX.

Proof. Let y, €Y, X, €8y, ¥, €Ix,, and x, €Sy, such that a(x,,x;)=1 and
PB(¥y,1,) = 1. Then, using (i), we have
w(d(xy,x,)) € a(xy, x,)s(Ix,, Ix,)
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and by Lemma 1.13 (i)
w(d(x,x,)) € a(Xg5 X)) (¥, Txy).
By the definition of s there exists y, € T, such that
w(d(xy,x,)) € a(xy,%)s(D(1,, 1,))-

Furthermore, using Lemma 1.13 (ii) we have

w(d(xy,x,)) € s(a(xy, ) D(1,, 1,))-
By (iv) we have a/(x,,x;) 21 then D(y,,»,) 2 a(x,,x,)D(¥,,¥,). According to the definition of
s, this means that a(x,,x,)D(y,,y,) 2w (d(x,,x,)). And we come to

D(y,, y,) 2w (d(xy, X)) (1)

Now using (ii), we have
oDy, 3,)) € By, 3,)s(50,59,)

and since X, € Sy, we come to

(D> 3,)) € By, ¥,)s(x,,59,).
According to the definition of s, there exists X, € Sy, such that

P(D(yy,¥,)) € B3, y,)s(d(x,, x,)).

P(D(y;, 3,)) € (B, ¥,)d(x,,x,)).
Moreover by (iv) since y, €Tx, T oSy, and ToS is [- admissible we have B(y,,»,) =1,

Then, by Lemma 1.13 (ii),

consequently d(x;,x,) =< (3, ¥,)d(x,,x,) and we come to d(x,,x,) <X@(D(y,,y,)). Since
pe¥, wehave o(D(y,,y,)) 2 D(y,,,) . By (1) we have
d(x;,x,) 2w (d(x5,x,)). (2)

Now we can use (i) again and we will have

w(d(x,x,)) € a(x,,x,)s(Tx,,Tx,).
Since », € Tx,, we have

w(d(x,,x,)) € a(x,,x,)s(y,, Ix,).
By the definition of s, there exists y; € Tx, such that

w(d(x,,x,)) € a(x,,x,)s(D(y,, ¥3))-

Using Lemma 1 (ii), we come to
w(d(x,x,)) € s(a(x;,x,)D(y,,¥;))-
But SoT is o -admissible operator and X, € Sy, =S oTXx,, then using (iv), we have a(x,,x,)>1.
Consequently D(,,y;) = a(x,,x,)D(y,,y,;) and by the definition of § we have
D(y29y3)ja(xlaxz)D(y29y3)jl//(d(xlaxz))' (3)

Then using (2), since ¥/ is order preserving we have

D(y,,y;) = V/Z(d(xoaxl))-

Now using again (ii) we have
PD(Y,5 1)) € B(155 ¥3)5(5y2, Sy5)-

By Lemma 1.13(i) since X, € Sy, we come to

P(D(y,,33)) € B(¥y, ¥3)$(x,,59;).-
By the definition of s there exist Xx; € Sy3 such that
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P(D(y,,¥5)) € B(y,,3)5(d(x,,Xx;)).
Then by Lemma 1.13 (ii)

P(D(y,,3)) €(B(1,, y;)d(x,,x5)).
But 70§ is f-admissible and y, € Tx, =T oSy, then we have [(),,);)=1 and consequently
d(x,,x;) X B(¥,,y;)d(x,,x;). By the definition of s since ¢, € ¥ using (\¥'1), (¥3), (3) and

(2) we come to

d(x,,%,) 2 P(D(15,33)) = D(3,,35) 2y (d(x,,%,)) 2w (d (xy, X,)).
In this way, proceeding by induction, we can construct a sequences {x, } in X and {y, } in ¥ such
that

xn ESyn’ yn+l€Txn’ (4)
d(xn b xn+1) j l//(d(xnfl > xn ))’ D(yn ° yn+1) j l//(d(xnfl > xn ))9 (5)
a(xn’xn—l)ZL ﬁ(yn’ynfl)ZI' (6)
for all # € N. Using (5) we obtain
d(x,,x,,) 3y (d(x,x)), Dy, y,.0) 2" (d (x5, x,)), @)

forall ne N.
By assumption (iii) we have lim " (¢) = 8. Now we fix ¢ € E such that 8 < ¢. By (¥1), (¥2)
n—>-+o0

we have O<w(c)<c and consequently 6 <<c—W(c). Now using Lemma 1.8 since
lim y"(¢) = 0 there exists N € N such that " (d(x,,x,)) < ¢ and ¥"(d(x,,x,)) < c—-y(c),
n—>+00

for all 7> N. Consequently by (7) we have d(x,,x,,,) <<c—w(c) and d(x,,x,,,) < c. For fixed

m>n= N using (3) since ¥ is order preserving we have

d(xn+l b xn+2) j l//(d(xn s xn+1 )) j l//(C),

d(xn+l > xn+3) ——< l//(d(xn > xn+2 )) j W(d(xn > xn+l) + d(xn+l b xn+2 )) j l//(C),

d(x,..x,,.)3w(), for all k>I.

n+1°
Then using Lemma 8 (vi) we have

d(x,,x,) 2d(x,,x,,)+d(x,,,x,) <<c—y(c)+y(c) =c.
This means that {Xx, /! is a Cauchy sequence. Since X is complete cone metric space we have
{x, } = X as n —>o0. Similarly, it is easy to see that
D(Yys Vi) 2y (c), for all k>l

And the sequence {y,} is a Cauchy sequence. Since Y is complete cone metric space we have
{y,}—» as n—>o0. Now using (4) and (v) we obtain a(x,,x)=1 and B(y,,y)=1, for all
n € N. Using (i) again we have

w(d(x,,x)) € a(x,,x)s(Tx

n’

Tx)
forall n€ N. By(4) y,,, € Tx, and using Lemma 1.13 (i) we obtain
w(d(x,,x)) € a(x,,x)s(y,,;,Tx)

for all # € N. Then there exists a sequence ;n € Tx such that

y(d(x,,x) € a(x,,X)s(D(y,.1,,) S (%, X)D(¥,15 1))
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n € N and consequently
D(¥,5y,) 2 a(x,,X)D(y,.0,) 2w (d(x,,x)) 2d(x,,x)

for all e N. Since {x }—> x as n—>00 it follows that for a given ¢ € E and € < ¢ there is
N, €N such that for all 7> N, we have d(x,,x)<<$. Then we have D(yn+1,)_;n) < § for all
n=N,. Since {y, } —>y as n—>00 we have D(y,,,,y) < $ forall n> N,. It follows that for all
n=N,.

C
2
This means that the sequence { ;n 4 eTx converges to y. But Tx is closed then y € Tx.

v - c
D(y, ) 2Dy, )+ D, ¥) <<5+ =c.

Furthermore using (ii) again we have
PD(Y,, ) € B(1,¥)5(5,> )
forall n e N. By (4) x, € Sy, and using Lemma 1.13 (i) we obtain

PD(, 1) € B(y,, »)s(x,,5p)
for all 7 € N. Then there exists a sequence y, € Sy such that

P(D(y,,¥) € B(y,, »)s(d(x,, x,) = (B, N (x,, x,))
n € N and consequently

d(x,,%,) = B 0A(x,,3,) 2 o(D(,,3)) < D(3,,y) < g

forall 7> N,. Then we have

d(x,,x)2d(x,,y,)+d(x

c c
LX) KL —+—=c
2 2
for all 7> N,. This means that the sequence { )_Cn } €Sy converges to x. But Sy is closed then

X € Sy and this completes the proof.
We will notice that Theorem 2.1 can be similarly proved if we change assumptions (iii) and (iv) with:

(i) lim ¢"(¢) =6, forall te P-{0};

(iv’) there exist x, € X, Vo €Tx,, x, €8y, and y, €Tx,, such that a(x,,x)=1 and
B,y 21
In this case we have to similarly construct sequences {X, } in X and {y, } in ¥ such that
’anESyn’ ynETxn’
d(xn"an) j ¢(d('xn—l "xn ))7 D(yn’yn+]) j (D(d(xn—l "xn ))7
o(x,,x, )=1, B,y )=
d(x,,%,.,) 2 ¢"(d(x,x,)), D(y,, Y1) 29" (d(xy,x)),

for all n € N. Hence we can make the same conclusion as in the proof of the theorem using the fact that
@" — 0, instead of " — 6, as n —> ©.

Example 2.2. Let

E = Cy[0,1]:={f :[0,1]— R, f is first order continuously differentiable on [0,1]} and let
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E be a real Banach space with norm || ||, defined by

Il fll;= sup |f(t)|+ sup |f’(t)| forall fe E. The zero element 6:=f, € E is defined by
1€[0,1] 1€[0,1]

fo®)=0, for all ¢e€[0,1]. The cone P in E is  defined by
P:={geE:g(t)>0 forall £ €[0,1] . This cone is solid and not normal ( see [16]).
Let X =[0,10], Y =[0,1]. We define cone metric d: X xX — E, for each x,,x, € X and
D:YxY — E foreach y,,y, €Y as follows:

d(x,%,)(t) = x, —x, | €, Dy, »,)®) =y, -, e,
for all ¢ €[0,1]. Define the mappings & : X x X —[0,0) and f:Y xY —[0,00) by

1
xi+x+1, x,x, €[0,1] i+ s+, yl,yze{o,—}

10
0, otherwise

a(‘xl’xz):{ Py, =

0, otherwise

Now we define the mapping 7 : X — CB(Y) as
Tx:ix, for all xe X
10

and the set valued mapping S: Y — CB(X) as follows

Sy 1
-, 0’_
3 ye{ 10}

100y 10 1
VT M0y, vel =1
[ 9 y} Y (10}

So we have the composition So7 : X — CB(X):

Sy =

=, x€[0,1]

SoTx=
[IOOx—IO

5 , x} , otherwise

It is easy to see that So7 is a—y — contraction mapping with y: P —> P defined by
w(f)= % f, forall f € P. The mapping So7 is & — admissible operator and there exist x, =1

and X, = % eSoT X, such that a(xo,xl) >1. Also the condition (v) of Theorem 2.1 holds. (For more

details see Example 3.2 [11]).
The same statements hold if we consider 7S :Y — CB(Y):

h% 1
L cl0,—
6 4 [ 10}
100y —1 1
5 5 € _al
{ 9 y} g (10}

We will show that this mapping is [ —¢@— contraction mapping with ¢: P —> P defined by
w(f)=0,17f, forall f €P.Let y,,y, €[0,5],
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ﬂ(yl,yz)D(%,%]=(yf+y§+1) 2o
L SR [
= + +1||[2—22|¢' =0.17 _ e
_(100 100 j‘ 6 | |7 =2, |
=P(D(1:3,))1)

Hence @(D(y,,¥,)) € B(3,,1,)S(T > Sy,,T Sy,). It is obvious that the same relation holds when
V1>, €(55,1]. ToS is f— admissible operator and there exist Y, =15 and ¥, =45 €T oSy,
such that 3(y,,),) =1. Also the condition (v) of Theorem 2.1 holds. This shows that Theorem 2.1 can
be used for this case and the mappings 7 oS, ST have fixed points.

Of course Theorem 2.1 holds when the mappings 7" and S are single valued but even in this case we
can not guarantee the uniqueness of the fixed point. To investigate the uniqueness of a fixed point we
shall introduce the following condition.

(A) For each x,y € Fix(SoT), we have a(x,y)>1 and S(Tx,Ty)>1 where Fix(SoT) is the

set of all fixed points of So7.
Theorem 2.3. (Double contraction principle for admissible single valued mappings)

Let (X,d) and (Y,D) are cone metric spaces with solid cone P in a real Banach space E and
v, peY. Let a: XxX —[0,0) and L:YxY —[0,0) are two given mappings. Let
T:X—>Y and S:Y —> X are single valued mappings such that the mapping SoT is «-
admissible operator and T oS is [} -admissible operator. Suppose that the following conditions are

satisfied:
i) a(x,x"\D(Tx, Tx") <w(d(x,x")), forall x,x" € X;

(i) B(y,y)d(Sy, ) 2 p(D(y,)"), forall y,)" €Y,

(iii) nlirgo v"(t)y=0 or nlirgo p"(t)=0, forall te P-{0};

(iv) there exist Y, € Y, such that a(S8y,,SoT oSy,) =1 and B(y,,T o Sy,) =1,

(v) if the sequences {x, } © X and {Tx, } Y are such that a(x,,x,,,) =1, p(Ix,,Tx, ) =1 for
x)21 and P(Tx,,Tx)>1 for all
n € N. Then there exist X € X and y €Y such that X =Sy and y =TXx.

all neN and {x, } > x, {Tx,} —>Tx as n—> 00 then o(x

nd no

Let in addition assumption (A) holds. Then the fixed point of S o T is unique.
Proof. Suppose to the contrary and take two distinct points x =So7x" and x=SoTx.
Then @ < d(x”,x). Using (A), (i), (ii) and the properties of @, € ¥ we have
d(x*,x)=d(SoTx",5°Tx)
< B(Tx",Tx)d(SoTx",SoTx) < o(D(Tx",Tx))
< D(Tx",Tx) < a(x",x)D(Tx",Tx) 2w (d(x",x))
<d(x",x).

And this is a contradiction which shows that the fixed point is unique. [!
Corollary 2.4. Let (X,d) is a cone metric space, P is normal cone with normal constant K. For

ceE with 6<c and X€ X, set B(X,c)={xeX|d(x,x)=<c}. Let T:X —>Y and
S:Y > X are single valued mappings such that

(@) d(x,5Tx) Xc—@oy(c);

1) D(Tx, Tx") 2w (d(x,x")), for all x,x" € B(X,c);

(© d(Sy,Sy) 2 p(D(y,)"), for all y,y" € B(Tx,y(c));
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d limy"(t)=60 orlime"(t)=06, forall re P-{6}.

Then SoT has a unique fixed point in B(X,c).
Proof. The existence of the unique fixed point follows from Theorem 2.3, taking @ =1 and S =1.
Since the cone P is normal then the metric d is continuous and consequently B(X,c) is complete.
More precisely if we take a Cauchy sequence x, in B(X,c) then x, is in X which is complete and
consequently X, converges to some X € X. Moreover by Lemma 1.1.3 we have d(x,,x)—0
(n — ), since P is normal cone. Then we have
d(x,x)2d(x,x,)+d(x,,x) 2d(x,x,)+c.

Consequently

0 <—d(x,x)+d(x,x,)+c.
Since P is closed and d(x,,x) =0 (n—> o), we get d(x,X)=<c. Hence x € B(X,c) and
therefore B(X,c) is complete. Now we will show that for every x € B(X,c), STx isin B(X,c). Let
x € B(x,c¢),

d(x,STx)
=d(x,8Tx)+d(STx,STx)
<c—@oy(c)+o(D(Tx,Tx))

=c—@oy(c)+@oy(d(X,x))
=<ec.
Then STx € B(X,c¢).

We will notice that if we take @o =kt, where k €[0,1] and SoT =F : X — X, then the above
corollary is equivalent to Corollary 1 in [8].
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