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ON KURATOWSKI MEASURE OF NONCOMPACTNESS IN R?
WITH THE RIVER METRIC

NERMIN OKICIC AND AMRA REKIC-VUKOVIC

ABSTRACT. In this paper we consider some properties of the Kuratowski
measure of noncompatness on the space (R?,d*), where d* is river metric. We
prove the existence of the a-minimal sets in the given space, but also the strict
minimalizability of the Kuratowski measure of noncompactness.

1. INTRODUCTION

One of the most usual techniques used to prove that some operator equations
have a solution is the formulation of the problem in the way that it becomes
the fixed-point problem. In that case, we consider solvability of the fixed-point
problem, e.g. we search for a possible fixed point. The measures of noncompactness
play important role in the fixed-point theory and we find them very applicable in
the various branches of nonlinear analysis, including difference equations, integral
equations, optimization problems, etc. Roughly speaking, the measure of noncompact-
ness is the function which associates a real number with an arbitrary bounded set
of a metric space, in the way that a real number is nonnegative and is considered as
a characteristic that tells us to which measure the set is not totally bounded, e.g. to
which measure the set is not relatively compact in the case when the completeness of
the space is supposed. In other words, the measure of noncompactness is a function
that is equal to zero in the family of all relatively compact sets. Kuratowski (see
[7]) was the first one who introduced the concept of the measure of noncompactness
in 1930. In addition to this measure, many other measures of noncompactness were
defined and considered, including the Hausdorff measure of noncompactness (see
[5]) and Istratescu measure of noncompactness (see [6]).

On the other hand, the notion of ¢-minimal set for the measure of noncompactness
¢ was introduced in [3] because of the study of the connection between the condensing
operators for the Kuratowski and Hausdorff measures of noncompactness. Besides,
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the concept of the ¢-minimal sets was also used to get simpler expressions for some
moduli of noncompact convexity that are, by definition, associated with the concrete
measure of noncompact-ness. Some properties of the moduli of noncompact convexity
associated to an arbitrary (strictly) minimalizable measure of noncompactness were
given in [11] and [9]. We are able to distinguish some classes of the measures of
noncompactness bearing in mind in which way we are choosing the minimal sets in
the given metric space. Precisely, the measure of noncompactness shows different
behavior in relation to the concept of minimal sets. "The most beautiful" behavior
of the measure of noncompactness happens when every bounded set A contains the
¢-minimal subset B with an equal measure of noncompactness ¢, that is subset for
which the equality ¢(A) = ¢(B) holds. Such measure of noncompactness is actually
strictly minimalizable. Using the notion of the ¢-minimal set, a new modulus of
the noncompact convexity was introduced (see [10]).

The aim of this paper is to show that in the metric space (R2,d*), where d* is
the river metric, there exist a-minimal sets and that the Kuratowski measure of
noncompactness « is strictly minimalizable on the considered space. This result
will give us the existence of the S-minimal sets and strict minimalizability of the
Istratescu measure of noncompactness S.

2. DEFINITIONS AND NOTATION

In this paper (X, d) denotes the metric space with the defined metric d, B(z, )
an open ball centered at x of radius r. If B C X, we denote by B the closure of a
set B.

Definition 2.1. Let B be a family of bounded subsets of the metric space (X,d).
We call mapping ¢ : B — [0,00) the measure of noncompactness defined on X if it
satisfies the following:

(1) ¢(B) =0 < B is a relatively compact set
(2) ¢(B) = ¢(B), for all B€ B
(3) ¢(B1 U By) = max{¢(B1),¢(Bs)}, for all B1,B; € B.

The Kuratowski measure of nonocompactness « is a mapping that associates the
infimum of all numbers € > 0 such that the set B can be covered by finite number
of sets of the diameter less than € > 0, with the bounded set B.

The Hausdorff measure of noncompactness x associates the infimum of all numbers
€ > 0 such that the set B can be covered by an finite number of balls of the diameter
less than € > 0, with the bounded set B.

The Istratescu measure of noncompactness 3 is the infimum of all numbers » > 0
such that the bounded set B does not have an infinite r-separation. Let us note
that the set B is r-separated if d(z,y) > r for all z,y € B such that = # y.

For more on measures of noncompactness see [1], [2], [8].
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Definition 2.2. Let (X,d) be the metric space and B be the family of all bounded
subsets of X. An infinite subset A € B is said to be minimal for the measure ¢, or
in short ¢p-minimal, if ¢(A) = ¢(B) for every infinite subset B of A.

Since we know how it is possible to choose minimal sets in the metric space,
we distinguish some special classes of measures of noncompactness. In particular,
there are two important classes.

Definition 2.3. Let ¢ be a measure of noncompactness defined onto the family B
of all bounded subsets of a metric space (X,d). We say that

a) ¢ is the minimalizable measure of noncompactness if for every infinite set
A € B and for all € > 0, there exists a ¢-minimal set B C A, such that

¢(B) 2 ¢(A) —¢,
b) ¢ is a strictly minimalizable measure of noncompactness if for every infinite
set A € B there exists a ¢p-minimal set B C A such that ¢(B) = ¢(A).

Obviously, every strictly minimalizable measure of noncompactness is minimalizable.
We will consider the metric space (R%,d*) where d* is the river metric defined
by

d* (v, vg) = Y1 — 2| , T1= T2,
(v1,02) {|y1|+|y2|+|x1—m2| , T1# Tg,

where v1 = (z1,¥1), v2 = (22,¥2) € R%

(y1,92)

(y1,92)

‘ !
(z1,22)

(1, z2))

(a) Equal first coordinates (b) Different first coordinates
The unit ball in (R?,d*) is given by

B((0,0),1) = {(way) e R?: { |m||_y+_||§|; 1 ’ i;g }

)

Let v = (z*,0), z* € R. The ball centered at v, of radius r is given by

B(v,r)={(w,y)€R2;{| lyl<r ’ 2;;: }

L= x*|+|y|§ r.,
If v=(0,y%), y* €R, |y*|< r, then the ball centered at v, of the radius r is

-y < x=0
B(v,r) ={ (z,y) € R%: v —y'I< ’ .},
O e S v Lkt
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while for |y*|> r is
B(v,0) = {(z,y) eR*:2=0 A |y—y*|<r}.

If v = (z%,9%), z*,y* € R\ {0}, then the ball centered at v, of the radius r, for
ly*|< r, is given with

—y¥<r r=2z*
B — R2! |y Yy |— ) )
(U,T‘) {(m,y)e { Ix—x*|+|y|§r—|y*| R )

while for |y*|> r, we have
B(v,r) ={(z,y) eR*:z=2" A |y—y*|<r}.

FIGURE 1. The ball B(A,2) in the river metric, depending on the
center A.

3. MAIN RESULTS

Lemma 3.1. The metric d* is not equivalent (uniformly equivalent) to the standard
metric dp (1 <p < 400) on R2.

Proof. Consider the sequence given by

1 1
(wn,yn)=<1__,1__),n€N-
n n
Let n,m € N, n # m. In (R?,d*) we have

* _ |yn _ym| ;
4 (20, yn), (@ms ym)) = { [Yn|+|ym|+|Tn — Tm| ; Tn # Tm

|l_i| 1 _ 1
— n
(R TP o)

1 1 1
={1—— ———=| = 2 (n,m — o00).
n n m

1
ri-af+
m
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Thus, the sequence (Zn,¥n)nen is not a Cauchy sequence in (RZ%,d*). So, the
sequence is not convergent either.

The given sequence is obviously convergent in (R%,d,) (1 < p < +o00), i.e.
(Tn,yn) = (1,1) € R? (n — 00). O

Lemma 3.2. The metric space (R?,d*) is complete.
Proof. Let (5, Yn)nen be an arbitrary Cauchy sequence in R?, that is

d*((xn’yn)7 (mmaym)) —0 s (n,m — OO)

Let us prove that the given sequence is convergent. Assume that almost all points
of the sequence have equal first coordinates, that is, there exists ng € N such that
Tp, = Tp,, for all n > ng. Then

d*((xmyn)a(wmaym)) = ‘yn_ym|a n,m2>mng, n#m,
hence
|Yn — Ym|— 0 (n,m — o00).
We conclude that (yn)nen is a Cauchy sequence in R, and since R is a complete
metric space, we realize that (y,)nen is a convergent sequence. So, there exists
y* € R such that
yn —y*|= 0 (n — ).
If we put 2* = z,,, the following holds

d*((Zns Yn), (%, ¥%)) = |yn — y*[= 0, (n — 00) .
Therefore, the sequence (T, yn)nen is convergent in (R?, d*).

Now, assume that almost all points of the sequence have different first coordinates.
Then

d*((mm yn)a (xmvym)) = ’yn|+|ym|+|xn - xm|_> 0, (n,m — OO) )

so, limn -y, =0, 1 |2, — Zm|— 0, (n,m — o0). This means that the sequence
(Yn)nen is a zero-sequence and (zp)nen is a Cauchy sequence in R. Hence, a
sequence (Tn)nen is convergent and there exists * € R such that lim z, = z*.

n—oo
Notice that

* * _ |yn| y In = x*
d*((Zn,yn), (z%,0)) = { Yn|+|2n — 2|, Tn # 2
Therefore, d*((n,yn), (z*,0)) — 0, (n — o0). So, a sequence (Zn,Yn)neN IS
convergent.
We actually proved the completeness of the space in relation to the metric d*,
since in both cases we showed that an arbitrary Cauchy sequence is convergent in
the given space. O

The proof of the completeness of the metric space (R?, d*) gives us the description
of Cauchy sequences in the concrete space. Namely, the following lemma holds.
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Lemma 3.3. The sequence ((Tn,Yn))nen is a Cauchy sequence in (R?,d*) if and
only if (xn)neN 18 convergent and the sequence (Yn)neN 1S a zero-sequence, or if and
only if the sequence (Tn)neN 18 a constant sequence starting from some index and
the sequence (Yn)neN 18 convergent in R.

We also had the confirmation of this statement in the proof of the Lemma 3.1
when we proved that the sequence ((1—1,1— %»nEN is not a Cauchy sequence,
where for the sequence of the first coordinates and the sequence of the second
coordinates holds 1 — % — 1 (n = oo) in R with standard metric. Notice that
the sequences of the coordinates do not satisfy neither one nor the other condition
of the Lemma 3.3. D. Bugajewski and E. Grzelaczyk (see [4]) gave a concrete
expression for the Kuratowski measure of noncompactness « of any subset of the

space (R?,d*), with the river metric d*.

Definition 3.1. Let D be any bounded subset of R%. We say that ¥ € R satisfies:
the condition A*(D), if for every y < y' there erists at least a countable (but not
finite) number of points v, = (xn,yn) € D such that

Tn #Yn, (MFEmM), y<yn <y, (n€N)
the condition A, (D), if for ally > vy’ there exists at least a countable (but not finite)
number of points vy, = (n,yn) € D such that

Tn#Yn, (NFEM), y>yn 2y, (neEN).
Put y*(D) = supy|y’|, where y' satisfies A*(D) or A«(D). If there ewists any
number y' satisfying neither A*(D) nor A«(D), put y*(D) = 0.

Theorem 3.1. For any bounded subset D C R? with the river metric, we have
a(D) = 2y*(D).

Further, we will check the existence of the a-minimal sets and the minimalizability
of the Kuratowski measure o in the (R2,d*). It is clear that all relatively compact
sets, i.e. sets with the Kuratowski measure o equal zero, are also a-minimal sets.
The question arises: whether there are a-minimal sets of a positive measure in the
space R? with the river metric? The following example gives the answer to this
question.

Example 3.1. Let us consider the set

A= {(wn,yn) - (%,1- %) ;nEN}.

Since y*(A) = 1, we have a(A) = 2.
Let B C A be an arbitrary infinite set. Knowing that the Kuratowski measure of
noncompactness « is a monotone function, we get

a(B)<a(d)=2.
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Assume a(B) < 2, that is y*(B) < 1. Since y*(A) = 1, we conclude that for
all y < 1 there exist infinitely many elements of the set A, i. e. infinitely many
members of the sequence (Tn,Yn)neN C A such that Tp # Tm, y < yn < 1. In other
words, for y*(B) < 1 there exists ng € N such that

(-’L'myn) €A, zn#Tm, y*(B) <yn <1, n2=>no.

Since the sequence (Yn)nen of the second coordinates of the points from the set A is
a monotonically growing sequence, we conclude that there is only a finite number of
elements of the set A whose y coordinates are smaller or equal to y*(B). Thus, only
a finite number of points, of the set B whose coordinates are less or equal to y*(B),
can exist. But this is in contradiction with the definition of the number y*(B). So,
y*(B) =1, that is a(B) = 2.

This proves that the set A is a-minimal.

Theorem 3.2. The Kuratowski measure of noncompactness is strictly minimalizable
on the space (R?,d*).

Proof. Let D C R? be a bounded, infinite set. If a(D) = 0, then D is a relatively
compact set and also a-minimal. Since every infinite subset of the a-minimal set is
also a-minimal, we conclude that, in this case, « is a strictly minimalizable measure.
Let (D) = 2y*(D) > 0. Without losing generality we assume that y*(D) is
such that it satisfies the condition A*(D), that is for all y < y*(D) there exists at
least a countable (but not finite) number of points v, = (2, yn) € D such that

Tn # Tm, (M#Em), y<yn <y*(D), (neN).

Let € > 0 be arbitrary. For y*(D) — e < y*(D) there exists a countable number of
points (2, yn) € D such that

Tn # Tm, (n#m), y(D)—e<yn<y'(D), (neN)

Let us define the set A in the way that it contains exactly those points, precisely,
at least a countable number of those points v,, but also contains other points from
the set D whose first coordinates are different from each other, and the second
coordinates are from the interval (y*(D) — €,y*(D)]. So, the set A is given by

A={(z,y) € D:y*(D)—e <y <y"(D)}.

Consider the sets

* € % g
Ak={(w,y)€A=y(D)—E<ySy(D)—k+1}, keN.

Choose one point (zk,yx) from each set Ag, k € N, and using these points let us
construct the following set

X = {(wk,yk) € Ak. k€ N}.
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The set X is infinite. Indeed, if X is a finite set, this would mean that only a finite
number of sets Ay is nonempty, that is

A]c 75 @, k= niy,ng,...,nj.

Let n* = max{ny,ng,...,n;}. Then, the set of points (x,y) whose first coordinates
are different from each other, and the values of the second coordinates belong to the

interval <y* (D) —

€
o 1,y*(D)> is an empty set. This is in contradiction with
n
the definition of the number y*(D), because for y such that
€
* D _
y'(D) n*+1
there should exist at least a countable number of points from the set D with the
mentioned property. Hence, the set X is an infinite set.
Since X C D and the Kuratowski measure of noncompactness « is monotone,
we have

<y <y*(D),

a(X) < (D),
ie.

y*(X) <y (D).
Let us prove the equality y*(X) = y*(D). Suppose that the inequality y*(X) <
y*(D) holds. By the definition of the number y*(X), that is by the fact that all the
elements of the set X have y coordinate less or equal to y*(X), there would exist the
number ng € N such that all the sets Ak, k > ng, would be empty. In other words,
we would have infinitely many empty sets Ax. This would be in contradiction with
the definition of the set X. Therefore, the equality y*(X) = y*(D) holds, and we
have

a(X) = a(D).
In this way we showed that for the arbitrary infinite and bounded set D there exists
a a-minimal subset with the same measure of noncompactness. This proves that

the Kuratowski measure of noncompactness is a strictly minimalizable on the space
(R2, d). O

We know the relation between a-minimal and S-minimal sets. Namely, every
a-minimal subset A of the metric space (X, d) is also S-minimal and a(A) = S(4).
Furthermore, if (X,d) is a complete metric space, then the Istratescu measure of
noncompactness (3 is a minimalizable, but in general it is not strictly minimalizable,
see e.g. [2]. Therefore, in the space (R?,d*) there exist S-minimal sets. The values
of the Istratescu and Kuratowski measure of noncompactness are equal on those
sets. Notice that, if the set A C R? is a bounded and infinite set, then there exists
the o-minimal set B C A such a(B) = «(A), since the Kuratowski measure of
noncompactness is strictly minimalizable on the space (R?,d*). Then, the set B is
also a f-minimal and B(B) = a(B). Since B C A and the measure § is a monotone
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function, we have 8(B) < 8(A). On the other hand, 5(B) < a(B) = a(A). So, for
the arbitrary set A and the measure of noncompactness 3, there exists a S-minimal
set B C A such that 5(B) = B(A). This proves the following fact.

Corollary 3.1. The Istratescu measure of noncompactness (8 is strictly minimalizable
on the space (R2,d*).
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