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The Appendix 

In honor of the first Doctor of Mathematical Sciences Acad. Blagoj Popov, a 
mathematician dedicated to differential equations, the idea of holding the "Day of Differential 
Equations" was born, prompted by Prof. Ph.D. Boro Piperevski, Prof. Ph.D. Borko Ilievski, 
and Prof. Ph.D. Lazo Dimov. Acad. Blagoj Popov presented his doctoral dissertation on 
05.05.1952 in the field of differential equations. This is the main reason for holding the " Day 
of Differential Equations" at the beginning of May. 

This year on May 7th, the "Day of Differential Equations" was held for the sixth time 
under the auspices of the Faculty of Computer Sciences at "Goce Delcev" University in Stip 
and Dean Prof. Ph.D. Cveta Martinovska - Bande, organized by Prof. Ph.D. Biljana 
Zlatanovska. The event was organized online via the platform Microsoft Teams and with the 
selfless help and support of Prof. Ph.D. Natasa Stojkovik, Ass. Prof. Ph.D. Limonka Koceva 
Lazarova, Ass. Prof. Ph.D. Marija Miteva, Ass. Prof. Ph.D. Mirjana Kocaleva, Ass. Prof. Ph.D. 
Aleksandra Stojanova. 

The participants of this event were:   

1. Prof. Ph.D. Boro Piperevski, Prof. Ph.D. Sanja Atanasova and Stefan Boshkovski 
(student) from the Faculty of Electrical Engineering and Information Technology 
at  Ss. Cyril and Methodius, University in Skopje; 

2. Prof. Ph.D. Aleksa Malcheski from the Faculty of Mechanical engineering at  Ss. 
Cyril and Methodius, University in Skopje; 

3. Prof. Ph.D. Slagjana Brsakoska from the Faculty of Natural Sciences and 
Mathematics at  Ss. Cyril and Methodius, University in Skopje; 

4. Prof. Ph.D. Natasa Stojkovik, Prof. Ph.D. Martin Lukarevski, Ass. Prof. Ph.D. 
Limonka Koceva Lazarova, Ass. Prof. Ph.D. Marija Miteva, Ass. Prof. Ph.D. 
Mirjana Kocaleva, Ass. Prof. Ph.D. Aleksandra Stojanova, Ass. Prof. Ph.D. 
Jasmina Buralieva Veta, Ass. Prof. Ph.D. Elena Karamazova, Prof. Ph.D. Biljana 
Zlatanovska from the Faculty of Computer Sciences at "Goce Delcev" University 
in Stip. 

Acknowledgments to Prof. Ph.D. Boro Piperevski, Prof. Ph.D. Borko Ilievski and Prof. 
Ph.D. Lazo Dimov for the wonderful idea and the successful realization of the event this year 
and in previous years. 

Acknowledgments to the Dean of the Faculty of Computer Sciences, Prof. Ph.D. Cveta 
Martinovska - Bande for her overall support of the organization and implementation of the 
"Day of Differential Equations". 

The papers that emerged from the "Day of Differential Equations" are in the appendix 
to this issue of BJAMI. 
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ẋ = σ(y − x)

ẏ = x(r − z)− y

ż = xy − bz

σ > 0, r > 0, b > 0 x0 = x(0), y0 = y(0)
z0 = z(0)

a0 = x(0), b0 = y(0), c0 = z(0), cp =
(p)
z (0), p ∈ {1, 2, 3, 4}

A = 1 + σ + b, B = σ(r − z0)− x20, C = σx0y0, D = −σ2y20

UDC: 517.925.5:517.958
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ẋ = σ(y − x)

ẏ = x(r − z)− y

(5)
z = −(A+ b)

(4)
z +(B −Ab)

(3)
z −(C −Bb)

(2)
z +(D − Cb)ż +Dbz

k5 + (A+ b)k4 − (B −Ab)k3 + (C −Bb)k2 − (D − Cb)k −Db = 0

k1 = −b, k2/3/4/5 = k(A,B,C,D, b)

ẋ = σ(y − x)

ẏ = x(r − z)− y

ż = kz

x0 = x(0), y0 = y(0), z0 = z(0)
k1/2/3/4/5

ẋ = σ(y − x) ẋ = σ(y − x) ẋ = σ(y − x)

ẏ = x(r − z)− y ẏ = x(r − z)− y ẏ = x(r − z)− y

ż = u ż = u ż = u

u̇ = (k1 + k2)u− k1k2z u̇ = 2ku− k2z u̇ = 2αu− (α2 + β2)z

k1, k2 ∈ R k ∈ R α, β ∈ R

x0 =
x(0), y0 = y(0), z0 = z(0), z1 = ż(0) = u(0)

Biljana Zlananovska and Boro Petrushevski
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ẋ = σ(y − x)

ẏ = x(r − z)− y

ż = u

u̇ = Su− Pz

S = k1 + k2, P = k1k2
S = 2k, P = k2

S = 2α, P = α2 + β2

(x, y, z) → (−x,−y, z)

(x(t), y(t), z(t)) (−x(t),−y(t), z(t))

k < σ + 1

DYNAMICAL ANALYSIS OF THE THORD-ORDER AND  
A FOURTH-ORDER SHORTNED LORENZ SYSTEMS 
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divV =
∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
= −σ − 1 + k = −(σ + 1− k) < 0 (k < σ + 1)

dV

dt
= V̇ = −(σ + 1− k)

V = V0e
−(σ+1−k), V0 = V (0)

limt→∞ V (t) = 0 �

O(0, 0, 0)

ẋ = 0 σ(y − x) = 0

ẏ = 0 ⇔ x(r − z)− y = 0

ż = 0 kz = 0

�

O(0, 0, 0)

(λ− k)[λ2 + (σ + 1)λ+ σ(1− r)] = 0

λ1,2 =
−(σ + 1)±

√
(σ + 1)2 + 4σ(r − 1)

2
, λ3 = k

A =




−σ σ 0
r − z −1 −x
0 0 k




A =




−σ σ 0
r −1 0
0 0 k




ẋ = σ(y − x)

ẏ = x(r − z)− y

ż = u

u̇ = Su− Pz

S = k1 + k2, P = k1k2
S = 2k, P = k2

S = 2α, P = α2 + β2

(x, y, z) → (−x,−y, z)

(x(t), y(t), z(t)) (−x(t),−y(t), z(t))

k < σ + 1

Biljana Zlananovska and Boro Petrushevski
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det(A − λE) = 0

�

λ1/2 =
−(σ + 1)±

√
(σ + 1)2 + 4σ(r − 1)

2
=

−(σ + 1)±
√

(σ − 1)2 + 4σr

2
∈ R

λ2 =
−(σ + 1)−

√
(σ + 1)2 + 4σ(r − 1)

2
< 0

r > 0

O(0, 0, 0)

0 < r < 1 k < 0
C1 r > 1 k = 0
T 2 r = 1 k = 0

0 < r < 1 k < 0 λ1 < 0, λ2 <
0, λ3 < 0 (−,−,−)

r > 1 k = 0 λ1 > 0, λ2 < 0, λ3 = 0
(+, 0,−) C1

r = 1 k = 0 λ1 = 0, λ2 < 0, λ3 = 0
(0, 0,−) T 2

�

O(0, 0, 0)

DYNAMICAL ANALYSIS OF THE THORD-ORDER AND  
A FOURTH-ORDER SHORTNED LORENZ SYSTEMS 
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L(x, y, z) =
x2

2σ
+

y2

2
+

z2

2
L(x, y, z) > 0, ∀(x, y, z) �= (0, 0, 0) L(0, 0, 0) = 0

O(0, 0, 0) 0 < r < 1 k < 0 L̇(x, y, z) < 0, ∀(x, y, z) �= (0, 0, 0)
O(0, 0, 0) 0 < r < 1 k < 0

O(0, 0, 0)
L : D → R,D ⊂ R3 dL

dt ≤ 0
L(x, y, z) > 0, ∀(x, y, z) �= (0, 0, 0) L(0, 0, 0) = 0

L̇(x, y, z) =
dL

dt
=

xẋ

σ
+yẏ+zż = −[x−r + 1− z

2
y]2−[1−(

r + 1− z

2
)2]y2−(−k)z2 < 0

r < 1 + z
O(0, 0, 0) |z|< c, c ∈ (0, ε) ε > 0

O(0, 0, 0) 0 < r < 1 k < 0

L̇(x, y, z) < 0 O(0, 0, 0) 0 < r < 1
k < 0 �

(x, y, z, u) → (−x,−y, z, u) (x, y, z, u) →
(−x,−y,−z,−u) (x(t), y(t), z(t), u(t))
(−x(t),−y(t), z(t), u(t)), (−x(t),−y(t),−z(t),−u(t))

S < σ + 1

divV =
∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
+

∂u̇

∂u
= −σ − 1 + S = −(σ + 1− S) < 0 (S < σ + 1)

dV

dt
= V̇ = −(σ + 1− S)

v = V0e
−(σ+1−S)t, V0 = V (0)

Biljana Zlananovska and Boro Petrushevski
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limt→∞ V (t) =
0 �

S < σ + 1

k1+k2 <
σ + 1, k < σ+1

2 α < σ+1
2

S = k1 + k2 S < σ + 1 k1 + k2 < σ + 1
S = 2k S < σ + 1 k < σ+1

2

S = 2α S < σ + 1 α < σ+1
2 �

O(0, 0, 0, 0)

ẋ = 0 σ(y − x) = 0

ẏ = 0 ⇔ x(r − z)− y = 0

ż = 0 u = 0

u̇ = 0 Su− Pz = 0

�

O(0, 0, 0, 0)

(λ2 − Sλ+ P )[λ2 + (σ + 1)λ+ σ(1− r)] = 0

λ1,2 =
−(σ + 1)±

√
(σ + 1)2 + 4σ(r − 1)

2
, λ3/4 =

S ±
√
S2 − 4P

2

DYNAMICAL ANALYSIS OF THE THORD-ORDER AND  
A FOURTH-ORDER SHORTNED LORENZ SYSTEMS 
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A =




−σ σ 0 0
r − z −1 −x 0
0 0 0 1
0 0 −P S




A =




−σ σ 0 0
r −1 0 0
0 0 0 1
0 0 −P S




det(A − λE) = 0

�

(λ− k1)(λ− k2)[λ
2 + (σ + 1)λ+ σ(1− r)] = 0

(λ− k)2[λ2 + (σ + 1)λ+ σ(1− r)] = 0

(λ2 − 2αλ+ α2 + β2)[λ2 + (σ + 1)λ+ σ(1− r)] = 0

λ1,2 =
−(σ + 1)±

√
(σ + 1)2 + 4σ(r − 1)

2
, λ3 = k1, λ4 = k2

λ1,2 =
−(σ + 1)±

√
(σ + 1)2 + 4σ(r − 1)

2
, λ3/4 = k

λ1,2 =
−(σ + 1)±

√
(σ + 1)2 + 4σ(r − 1)

2
, λ3/4 = α± βi

S = k1+k2, P = k1k2, k1, k2 ∈ R S = 2k, P =
k2, k ∈ R S = 2α, P = α2 + β2, α, β ∈ R

�

Biljana Zlananovska and Boro Petrushevski
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λ1/2 λ1/2 ∈ R
λ2 < 0 r > 0

O(0, 0, 0, 0)

O(0, 0, 0, 0)

0 < r < 1 k1/2 < 0 0 < r < 1
k < 0 0 < r < 1 α < 0

T 3 r = 1 k1/2 = 0 r = 1 k = 0

T 3 r = 1 k1 = 0(k2 = 0) k2 > 0(k2 > 0) r > 1
k1/2 = 0 r > 1 k = 0

C2 r > 1, k1 = 0(k2 = 0) k2 > 0(k2 > 0)
r = 1 k > 0 r = 1 α > 0

0 < r < 1 k1/2 < 0
λ1 < 0, λ2 < 0, λ3 < 0, λ4 < 0 (−,−,−,−)

0 < r < 1 k < 0
λ1 < 0, λ2 < 0, λ3/4 < 0 (−,−,−,−)

0 < r < 1 α < 0
λ1 < 0, λ2 < 0, Reλ3/4 < 0 (−,−,−,−)

r = 1 k1/2 = 0
λ1 = 0, λ2 = −(σ + 1) < 0, λ3/4 = 0 (0, 0, 0,−)

T 3

r = 1, k1 = 0(k2 = 0) k2 > 0(k2 > 0) r > 1
k1/2 = 0 λ1 = 0, λ2 = −(σ+1) < 0, λ3/4 = 0

(0, 0, 0,−) T 3

r = 1 k1/2 = 0
λ1 = 0, λ2 = −(σ + 1) < 0, λ3 = 0(λ4 = 0), λ4 > 0(λ3 > 0)

(+, 0, 0,−) T 3

r > 1 k = 0
λ1 > 0, λ2 < 0, λ3/4 = 0 (0, 0, 0,−)

T 3

DYNAMICAL ANALYSIS OF THE THORD-ORDER AND  
A FOURTH-ORDER SHORTNED LORENZ SYSTEMS 



80

r > 1, k1 = 0(k2 = 0) k2 > 0(k2 > 0)
λ1 > 0, λ2 < 0, λ3 = 0(λ4 = 0), λ4 > 0(λ3 > 0)

(+,+, 0,−) C2

r = 1 k > 0
λ1 = 0, λ2 = −(σ + 1) < 0, λ3 = 0(λ4 = 0), λ4 > 0(λ3 > 0)
(+,+, 0,−) C2

r = 1 α > 0
λ1 = 0, λ2 = −(σ + 1) < 0, Reλ3/4 > 0 (+,+, 0,−)

C2

�

O(0, 0, 0, 0)

O(0, 0, 0)

L(x, y, z, u) =
x2

2σ
+

y2

2
+

z2

2
+

u2

2P
P > 0, L(x, y, z, u) > 0, ∀(x, y, z, u) �= (0, 0, 0, 0) L(0, 0, 0, 0) = 0

O(0, 0, 0, 0) 0 < r < 1 S < 0 L̇(x, y, z, u) <
0, ∀(x, y, z, u) �= (0, 0, 0, 0) O(0, 0, 0, 0)

0 < r < 1 S < 0

O(0, 0, 0, 0)
L : D → R,D ⊂ R4 dL

dt ≤ 0
L(x, y, z, u) > 0, ∀(x, y, z, u) �= (0, 0, 0, 0) L(0, 0, 0, 0) = 0

L̇(x, y, z, u) =
dL

dt
=

xẋ

σ
+ yẏ + zż +

uu̇

P
= x(y − x) + y[x(r − z)− y] +

S

P
u2

P > 0, σ > 0, r > 0

L̇(x, y, z, u) = −[x− r + 1− z

2
y]2 − [1− (

r + 1− z

2
)2]y2 − (−S

P
)u2 < 0

r < 1 + z − S
P ? 0 P > 0 −S >

0 ⇒ S < 0 O(0, 0, 0)
|z|< c, c ∈ (0, ε) ε > 0

O(0, 0, 0, 0) 0 < r < 1 S < 0 L̇(x, y, z, u) < 0
O(0, 0, 0, 0) 0 < r < 1 S < 0 �

Biljana Zlananovska and Boro Petrushevski
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O(0, 0, 0, 0)

S = k1 + k2, P =
k1k2, k1, k2 ∈ R S = 2k, P = k2, k ∈ R

S = 2α, P = α2 + β2, α, β ∈ R
O(0, 0, 0, 0) 0 < r < 1

k1, k2 < 0
k < 0

α < 0 L̇(x, y, z, u) < 0, ∀(x, y, z, u) �= (0, 0, 0, 0)
O(0, 0, 0, 0) 0 < r < 1

k1, k2 < 0
k < 0
α < 0

S = k1 + k2, P = k1k2, k1, k2 ∈ R S =
2k, P = k2, k ∈ R S = 2α, P = α2 + β2, α, β ∈ R

�

T 3 C2 T 3

DYNAMICAL ANALYSIS OF THE THORD-ORDER AND  
A FOURTH-ORDER SHORTNED LORENZ SYSTEMS 
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Biljana Zlananovska and Boro Petrushevski


