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SOME ABELIAN RESULTS FOR THE DISTRIBUTIONAL
STOCKWELL TRANSFORM

JASMINA VETA BURALIEVA

Abstract. We give several Abelian results characterizing the quasiasymptotic beha-
vior of distributions at origin (resp. at infinity) in S{(R), in terms of their Stockwell
transform, using known quasiasymptotic behavior for the polynomial multiplication
and m-th derivative of a distribution f € S} (R).

1. Introduction

Generalized asymptotic analysis is an interesting research subject that took the at-
tention of different authors. It refers to the asymptotic analysis of generalized functions,
i.e. distributions. In the present paper, we consider the quasiasymptotics of distribu-
tions. The motivation for its introduction came from the theoretical questions in the
quantum field theory. Russian mathematicians Vladimirov, Drozinov and Zavialov in-
troduced and analyzed the quasiasymptotics of distributions [19], and apply it in order
to analyze the asymptotic behavior of some generalized integral transform, such as the
Laplace transform of tempered distributions. The great contribution in this field is also
of Pilipovi¢ and his coworkers (see, e.g. [8, 10, 11]). In [1, 9, 12, 14, 15, 20| and ref-
erences therein, one can find the generalized asymptotic analysis of distributions with
respect to the asymptotic analysis of the Fourier transform, short-time Fourier trans-
form, directional short-time Fourier transform, wavelet transform, Stockwell transform
and other transforms.

One can consider the asymptotic behavior of some integral transform through the
quasiasymptotic behavior of distribution, if the corresponding integral transform is
defined on distribution space. So, generalized integral transforms are also an interesting
research subject that has been elaborated in the last 54 years. The book of Zemanin
[21] from 1968 was the first systematic monograph in which different integral transforms
of generalized functions are collected. Twenty one years later, Brychov and Prudnikov
2] gave the most important integral transforms of generalized functions.

The Stockwell transform is defined and analyzed by Stockwell [17].The authors of [15]
generalized the Stockwell transform to the distribution spaces and done some asymp-
totic analysis. They give several Tauberian type results relating the quasiasymptotic
behavior of Lizorkin distributions to the asymptotic analysis of the generalized Stock-
well transform. In the present paper we provide several Abelian type results for the

Date: 18 May 2023.
Keywords. Stockwell transform, distributions, quasiasymptotic behavior, Abelian results.
7



8 J. VETA BURALIEVA

distributional Stockwell transform, using known quasiasymptotic results for the poly-
nomial multiplication and m-th derivative of a distribution f € Sj(R). An Abelian type
result is a result in which the asymptotic behavior of the integral transform of some
function (distribution) is obtained, knowing the asymptotic behavior of that function
(distribution) see, for example [6, 11, 12, 13, 14, 19, 20]).

2. Preliminaries

In this section we give the basic notations and definition of spaces in which we work,
and also the basic facts from the quasiasymptotic theory.

2.1. Notations and spaces. The operators of modulation, translation and dilatation
for the measurable function f on R are given by M, f(-) = ¢ f(-), Tf(-) = f(-—b) and
Dif(-) = |e|f(c-), a,b € R, c € R\{0}, respectively. The notation {f, ) means dual
paciring between a distribution f and a test function ¢, such that {f, g) = (f, 9)r2m) if
f,g € L*(R). All dual spaces in the paper are equipped with the strong dual topology,
[18].

Through the paper, S(R) stands for the well known Schwartz space of rapidly de-
creasing smooth functions, i.e., of functions ¢ € C*(R) for which all the norms

(2.1) prn(p) = sup(1 + [z[*)?|") ()|, k,ne Ny
zeR

are finite. The dual space of the Schwartz space of rapidly decreasing smooth functions
is the space of tempered distributions &’'(R), [16]. The Stockwell transform is defined
on the space of highly time-frequency localized test functions over the real line, Sy(R),
and its dual space Sj(R), the space of Lizorkin distributions, [15]. We say that one
element from S(R) is in Sp(R) if all its moments are equal to 0, namely ¢ € Sy(R) if
¢ € S(R) and { 2™p(x)dx = 0 for all m e Ny, [5].

In the present paper Y stands for R x (R\{0}), and S(Y) is the space of highly
localized test functions over Y as the space of smooth functions ® on Y for which

Lm _ s L 2\7/2 a_l a_m

R (i) LR e
for all I,m,s,r € Ny, [5]. The topology of this space is defined by means of the
seminorms (2.2). The dual space of S(Y) is the space S'(Y) which contains the range
of the Stockwell transform [15].

< O

2.2. Quasiasymptotics of distributions. The quasiasymptotics of distribution is
defined with respect to a slowly varying function. So, a function L is called slowly
varying at the origin (resp. at infinity) if it is a measurable real-valued function,
defined and positive on the interval (0, A] (resp. [A,0)), A >0 and

. L(ag) . L(a))
Jim, e ! (reSp' jim LN

More about slowly varying functions one can find in [11].
Let L be a slowly varying function at the origin (resp. at infinity). We say that the
distribution f € S} (R) has quasiasymptotic behavior of degree o € R at the origin (resp.

= 1) for each a > 0.
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at infinity) with respect to L if there exists h € Sj(R) such that for each ¢ € Sy(R)
hold

N P )

Through the paper, we use the following notation for the quasiasymptotic behavior at
the origin (resp. at infinity)

flex) ~e*L(e)h(x) as e — 0 (resp.A — ) in S}(R),

which should always be interpreted in the week topology of Sj(R). The distribution
h does not have an arbitrary form, it must be homogeneous with the degree of homo-
geneity «, [4, 11, 19]. A distribution A is homogeneous with the degree of homogeneity
a if it holds h(ax) = a®h(z), for each a > 0, .

In Theorem 2.1 useful properties for the quasiasymptotic behavior of distribution at
origin (resp. at infinity) are given, that are important for our results in Section 4.

Theorem 2.1. [11, Proposition 2.8] Let f € S)(R) and let
flex) ~e*L(e)h(x) as e—0" (resp. A —o0) in SH(R),

mf(ex) ~ e L(e)x™h(z) as € — 0% (resp. A > o0) in  S{(R), m € N;
(M) (ex) ~ e ™ L(e)h™(z) as € — 0 (resp. A — ) in SH(R), m € N.

~ 8

3. Stockwell transform

Let f e L?*(R). The well known Fourier transform

f(w) _ L J e~ f(x)dr, weR,

2 Jg

gives information of the signal f just in a frequency domain, but not in time. So, Gabor
in 1946 proposed a new transform which is a modification of the Fourier transform. The
so called Gabor transform or short-time Fourier transform (STFT) gives information
for the signal at time just in a small section, and is defined as

V,f(b,a) J f(x)g(x — ble ““dx, a.beR.
T o

for f € L*(R) and g € L'(R) n L*(R). Because the window g is fixed, the STFT
has some disadvantages, such as disability to detect and analyze low frequencies and
incorrect time resolution of high-frequency events. The introduction of the wavelet
transform overcomes these disadvantages.

The wavelet transform of f € L?*(R) and a wavelet g € L*(R) (a function for which

hold SJ_FZS @ﬁ%)ﬁdw < ), is defined as

W, f(b,a) = ff )al™ 1/2_( ab)dx beR, aeR\{0}.
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The wavelet transform produces time-scale plots that are very complicated, and one
of its disadvantages is that it does not retain the absolute phase information. In [3, 7]
one can find a detailed theory for the wavelet transform.

So, the integral transform introduced and named by Stockwell [17] is a hybrid be-
tween the STFT and wavelet transform. The Stockwell transform is considered as a
frequency dependent STFT or a phase corrected wavelet transform, because it over-
comes the disadvantages of these two transforms. Let g € L'(R) n L*(R) be such that
$gg(@)dx = 1. The Stockwell transform, of a signal f € L*(R) with respect to the
window ¢ is defined by

~ize () g(alz = B))dz — ——
B1) 8,000 = o [ e alglale— s =

for all b € R and a € R\{0}. The first definition of the Stockwell transform is given
22
for the window g(x) = ﬁe’T, [17]. The idea of authors of [15] was to define the

(f, MoTyD1g) 2wy

Stockwell transform for a larger class of functions, i.e. distributions. So, first they
prove a useful relation between Stockwell and Fourier transform

Sf | | J ib(w— a)f (W—CL)

for g € LY(R) n L3(R) and f € L2( ), [15, Lemma 2.1.]. Then, if g € S(R) is a non-

trivial window and ¢ € S(R) is a reconstruction window for it, and if f € L'(R) is a

function such that f e LI(R) the following reconstruction formula [15, Prop. 3.1],
d

(3.2) ) = J f S0 (b, @) M,T, D1 5 (w)db

Ja]

vV 27TCg P

holds pointwisely, where Cy,, = SR¢(w — 1)g(w — 1) ‘“" < 0. The inversion formula

(3.2) allows one to define an operator that maps functions on Y to functions on R.
This operator named the Stockwell synthesis operator is defined as

(3.3) SyF( \/ﬁj‘J baMTbDlg( )d |d|

for g € S(R), [15]. Let us note that the integral (3.3) is absolutely convergent, if F' €
S(Y), and that the inversion formula (3.2) can also be rewritten as (Sj0S,)f = C, 4 f.
In order to be defined the Stockwell transform and the Stockwell synthesis operator
to a distribution spaces, first it is proven that the mappings S, : Sp(R) — S(Y) and
Sy + S(Y) — So(R) are continuous, for g € Sop(R), [15, Thrm. 4.1 and 4.2]. Then,
for g € Sp(R), the definition of the Stockwell transform of f with respect to g via the
transposed mapping < S, f, ® >:=< f,S:® >, ® € S(Y), and its direct definition

(3.4) S,f(b.a) = \ﬁ<f W.TyD1g),

are equivalent, while the Stockwell synthesis operator Sy : §'(Y) — Sj(IR) with respect
to g is defined as < SJF, ¢ >:=< F,Sgp >, F € S§'(Y),p € So(R), [15, Sec. 5]. The
mappings S, : Sp(R) — S'(Y) and Sy : S'(Y) — Sy(R) are also continuous, and the
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reconstruction formula (3.2) is generalized to the Lizorkin distributions for g, ¢ € Sp(R),
[15, Prop. 5.1 and Thrm.5.1], respectively. In the same paper [15], the authors provide
some generalized asymptotic analysis for the Stockwell transform. They prove several
Abelian and Tauberian type results characterizing the quasiasimptotic behavior of
Lizorkin distributions in terms of their Stockwell transform, using that for g € So(R)
and K < Y compact, the set

{M,TyD1g : (b,a) € K}

is bounded in S(R), [15, Lemma 6.1].

4. Abelian type results

In this section we provide several Abelian type results relating the quasiasymptotic
behavior of Lizorkin distributions to the asymptotics of their Stockwell transform, using
the quasiasymptotic behavior of the polynomial multiplication of Lizorkin distributions
and quasiasymptotic behavior of the m—th derivative of Lizorkin distributions.

Proposition 4.1. Let L be a slowly varying function at the origin, a € R and f €
S{(R). Suppose that f(ex) ~ e*L(e)h(x) as e — 0T in SH(R). Then for its Stockwell
transform with respect to a window g € So(R)\{0} we have

(4.1) S, ™ f(eb, ©) ~ 22 L(e)S,a™h(b,a) as e — 0T, meN
€
uniformly on compact subsets of Y.

Proof. By definition of the Stockwell transform (3.4), substitution et = x, the quasi-
asymptotic behavior of f near the origin and Theorem 2.1 (i) we obtain

Lo Sy (eh 2) o (2m)
im —————=2 = lim ——~——
e0t  g2HIm[(g) en0+ g t2m [ (g)

" mé)<(£)m 1), et g ey

3

2" f(z), MeTa Dy g(x))

)<tmf (et),e™|alg(a(t — b))

: 1t f(et)
= B em ey

= 2m)7Hh (1), MU, D1g(1)) = Syt h(b, a).

/\/\

MTyD1g ()

By boundedness of the set (3) and the fact that the weak and the strong topology on
S, (R) are equivalent, we obtain the uniform convergence on compact subsets of Y. [

In Proposition 4.2 the asymptotic result relating the quasiasymptotic behavior of
Lizorkin distributions at infinity to their Stockwell transform is given. The proof goes
on in a similar way as the proof of the Proposition 4.1 .
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Proposition 4.2. Let L be a slowly varying function at infinity, o € R and f € S{(R).
Suppose that f(Ax) ~ X*L(A\)h(x) as A — o0 in S{(R). Then for its Stockwell transform
with respect to a window g € Sop(R)\{0} we have

(4.2) Syz™ f(AD, %) ~ X2 LL(N)S, 2" h(b,a) as A — oo, meN
uniformly on compact subsets of Y.

In Proposition 4.3 and 4.4 an other asymptotic result for the Stockwell transform
is given with respect to both variables and one variable, using the quasiasymptotic
behavior at origin and infinity of Lizorkin distributions, respectively.

Proposition 4.3. Let L be a slowly varying function at the origin, o € R and f €
SH(R). Suppose that f(ex) ~ e*L(e)h(x) as ¢ — 0% in S{(R). Then for its Stockwell
transform with respect to a window g € So(R)\{0} we have

(4.3) Sya™ f(e*b, g) ~ e (e)S,2"h(0,a) as e—0", meN
£
uniformly on compact subsets of Y.
Proof. Let (b,a) € Y be fixed, m € N then by the substitution z = et we have

LS fEth ) L @nE
EIL%EQTL(E) = EIL%LWL(E)@ (@), MeTey Dy g(x))

- 2m)"2 jz\m _igelal_,a 2
= I (D) S TG - )
= lim (2m)3

o z—:LO"’ 8cz+mL( )

" f(et), e " alg(alt — eb)))

1 -
= 1 t" fet), M T, D1g(t
(e1,62)=(07,0%) /27t L(e )< f&) ’ ag( %
if this last limit exist. Since the weak and the strong topology on Sj(R) are equivalent,
the boundedness of the set (3), the quasiasymptotic behavior of f near the origin and
Theorem 2.1 (i) ilmply that ]
lim t" f(et), M T.,sD1g(t))y = —
e1—0t 2ﬂ.€a+mL( )< f( 1 ) 2b ig( )> m

uniformly for g5 € [0, 1]. Furthermore, for each 0 < &7 < 1, we have

im0 Do) = ™ e1t), WD)

e2—0t /27e +mL(€1)
because M,T.,,D1g(t) — M,D1g(t) as e2 — 07 in Sy(R). Hence

<tmh(t)7 MaTang%g(t)%

1 S
I " f(ert), MyTo D1 gt
vty o0 Vg Lz Mol Do)
1 -
~ lim lim £ F(e1t), My Top D1 g (¢
A e ) WDige))
1 -
= lim {™ f(eqt), MyD1g(t))

0% /20T (21)
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\/%@mh(t), MoToD1g(0) = Syt™h(0, ).
0

Proposition 4.4. Let L be a slowly varying function at infinity, o € R and f € S{(R).
Suppose that f(Ax) ~ X*L(A\)h(x) as X — o0 in S{(R). Then for its Stockwell transform
with respect to a window g € So(R)\{0} we have

S, 2™ (b, %) ~ DML S 2™ h(0,a) as A — o0, meN
uniformly on compact subsets of Y.

Proof. Let (b,a) € Y be fixed, using the substitution x = At and similar techniques as
in the proof of Proposition 4.3 we obtain

Sex™ f(b, %) BT (2m)~

i STy~ A ey @ @) M D ofa)
1

- /\h—»oo \/%)\a-}-m[/( )<tmf(/\t), MaTgD%g(t»

~ E@’”h(t), M, ToD1g(t)) = S4t™h(0, a).

y\m\

Let f.(x) = f(ez), and let us denote [f.(z)]™ = £ guch that [fo(z)]™ =
[f(ex)](™ = ™ f(™)(cx). The same notation is used when & <> \,

Proposition 4.5. Let L be a slowly varying function at the origin, o € R and f €
SH(R). Suppose that f(ex) ~ e*L(e)h(x) as ¢ — 0% in S{(R). Then for its Stockwell
transform with respect to a window g € So(R)\{0} we have

(4.4) Sy f™ (eb, g) ~ e ML(e)S,h ™ (b,a) as €— 0", meN
uniformly on compact subsets of Y.

Proof. First we prove the relation

(4.5) S, f™ (b, a) = ™S, f™ (b, - )

Indeed, using the definition of the Stockwell transform and the substitution ex =t we
have

SoffM(b,a) = (2m) 2™ f e), e lalglafa ~0))
G R LRIOR L TGV
= (@m) R <t>,—MgT€bDég< D =S, (eb, D).

Now, by relation (4.5), the quasiasymptotics of f near the origin and Theorem 2.1 (ii)
we obtain

S M) S ba) (1) pe—
R ey y oS L ey s w A C L <a () MaThDr9()
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= (27) 2R (), MyT,D1g(t)) = S,h™ (b, a).

The uniform convergence on compact subsets of Y follows from the boundedness of
the set (3) and the fact that the weak and the strong topology on S} (R) are equivalent.
O

In Proposition 4.6 the Abelian type result is given for the asymptotic behavior of
the Stockwell transform with respect to the quasiasymptotic behavior of Lizorkin dis-
tributions at infinity.

Proposition 4.6. Let L be a slowly varying function at infinity, o € R and f € S{(R).
Suppose that f(Ax) ~ X*L(A\)h(x) as A — o0 in S{(R). Then for its Stockwell transform
with respect to a window g € Sop(R)\{0} we have

(4.6) S, f™ (b, %) ~ NML)S,h ™M (ba) as A — o0, meN
uniformly on compact subsets of Y.

In Proposition 4.7 and 4.8 the asymptotic result for the Stockwell transform with
respect to the one variable and both variables is given, using the quasiasymptotic
behavior of Lizorkin distributions at infinity and origin, respectively.

Proposition 4.7. Let L be a slowly varying function at infinity, o € R and f € S{(R).
Suppose that f(Ax) ~ A*L(A)h(z) as A — o0 in S{(R). Then for its Stockwell transform
with respect to a window g € So(R)\{0} we have

Sy f™ (b, %) ~ AML(A)S,h™(0,a) as A — o0, meN
uniformly on compact subsets of Y.

Proof. Let us first prove the relation

m [ b
(4.7) ngi) —,a :)\msgf(m)(@ﬂ)'
A A
Indeed, using the substitution Ax =t we have
(m) b _1 m glm) izal — b
S50 = @ RN Oa), e fofglate - 1)

= @m oo, lg e -y

= (2m) S0, MTD g(0) = NS, b, 7).

>

Let (b,a) € Y be fixed, then by (4.7) we have

Sy f™ (b, @) 1 S
lim =22 — lim ————(\" ™ (\t), M, T D
Amvn ATL(N) 2 ey A0 My Dagtt)
1

= lim (M) (\ ¢ ’W
()\1,)\2)*>(O0,00) \/%)\il*mlj()\l)<f ( 1 ) % ag( )>
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if this last limit exist. Since the weak and the strong topology on Sj(R) are equivalent,
the boundedness of the set (3), the quasiasymptotic behavior of f near the infinity and
Theorem 2.1 (ii) imply that

1 _— 1 _—
lim (M (\it), M,T v D1g(t)y = —(h™(t), M,T» D1g(t)),
A —00 27T)\(1)z—mL()\1)<f ( 1 ) % Eg( )> m< ( ) % Eg( )>
uniformly for Ay > 1. Furthermore, for each A\; > 1, we have
1 1

(F(Nt), MJT 2 D1g(t) ™M (t), Mo D1g (1)),

)= V2T L)
because MGT%D;g(t) — M,Dig(t) as Ay — o in Sy(R). Hence
2 a a

lim
A2 —00 271’)\(11me(51)

lim w - lim 1 <f(m)()\1t),MaTiD;g(t)>
Ao ATML(A) (wde)o(,00) /21N L) A a
1 -
= lim I (M (\it), M,T v D1g(t
Allinoo A;Lnoo 1/27T/\‘1"_mL(/\1)<f (Art) = 59( )

1

.

Moo 2N L(Ay)
1 -

= E@W (1), M TyD1g(t)) = Sgh™(0, a).

(F™ (), MuD1g(t))

From (4.5) we directly obtain the following relation

(4.8) S, f™ (eb, a) = £™S, ) (2, g).

Proposition 4.8. Let L be a slowly varying function at the origin, o € R and f €
SH(R). Suppose that f(ex) ~ e*L(e)h(x) as ¢ — 0% in S{(R). Then for its Stockwell
transform with respect to a window g € So(R)\{0} we have

a

(4.9) Sy f™ (%D, )~ €2 L(e)S,h™(0,a) as e — 0%, meN

uniformly on compact subsets of Y.

Proof. Let (b,a) € Y be fixed, m € N then by (4.8), the boundedness of the set (3),
Theorem 2.1 (ii), and the fact that the weak and the strong topology on Sj(R) are
equivalent, we have

S, ™ (e2b, 2) 1 -

lim <%~ lim ———(f0(et), M, T, D g(t

) A e ) MaTa Do)
1 -

= ——(™(t), M, ToD1g(t)) = S,h™(0, a).

m< (t) 0D1g(t)) = Sgh™ (0, a)
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