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The Appendix

In honor of the first Doctor of Mathematical Sciences Acad. Blagoj Popov, a mathematician
dedicated to differential equations, the idea of holding the "Day of DifferentialEquations™ was born,
prompted by Prof. Ph.D. Boro Piperevski, Prof. Ph.D. Borko llievski, and Prof. Ph.D. Lazo Dimov.
Acad. Blagoj Popov presented his doctoral dissertation on 05.05.1952 in the field of differential
equations. This is the main reason for holding the "Day of Differential Equations” at the beginning of
May.

This year on May 5th, the "Day of Differential Equations” was held for the seventh time under
the auspices of the Faculty of Computer Sciences at "Goce Delcev" University in Stip and Dean Prof.
Ph.D. Saso Koceski, organized by Prof. Ph.D. Biljana Zlatanovska, Prof. Ph.D. Marija Miteva and Prof.
Ph.D. Limonka Koceva Lazarova.

The participants of this event were:

1.  Prof. Ph.D. Aleksa Malcheski from the Faculty of Mechanical engineering at Ss.Cyril
and Methodius University in Skopje;

2. Prof. Ph.D. Slagjana Brsakoska from the Faculty of Natural Sciences and Mathematics
at Ss.Cyril and Methodius University in Skopje;

3. Prof. Ph.D. Natasa Koceska, Prof. Ph.D. Limonka Koceva Lazarova, Prof. Ph.D. Marija
Miteva and Prof. Ph.D. BiljanaZlatanovska from the Faculty of Computer Sciences at
Goce Delcev University in Stip;

4. Ass. Prof. Ph.D. Biljana Citkuseva Dimitrovska and Ass. M.Sc. Maja Kukuseva Panova
from the Faculty of Electrical Engineering at Goce Delcev University in Stip.

Acknowledgments to Prof. Ph.D. Boro Piperevski, Prof. Ph.D. Borko Ilievski and Prof.Ph.D.
Lazo Dimov for the wonderful idea and the successful realization of the event this year and in previous
years.

Acknowledgments to the Dean of the Faculty of Computer Sciences, Prof. Ph.D. Saso Koceski
for her overall support of the organization and implementation of the "Day of Differential Equations".

The papers that emerged from the "Day of Differential Equations" are in the appendixto this
issue of BJAMI.
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ABOUT A CLASS OF 2D MATRIX OF DIFFERENTIAL
EQUATIONS

BILJANA ZLATANOVSKA AND BORO PIPEREVSKI

Abstract. A class of 2D matrix differential equations and their connection to
second-order differential equations with polynomial coefficients are considered.
By using the method of transformation, appropriate results for their correlation
are obtained. These results enable obtaining appropriate conditions for the
integrability of one of the classes and systems of differential equations.The theory
is supported by examples.

Dedicated to the Day of Differential Equations in Macedonia 2023.

1. Introduction

In this paper, the class of 2D matrix differential equations of the type
PX'+ MX =0 (1.1)

is considered, where

(e =3 8)xo=(4) w0 () 0= ()

a=ait+ as,b="bit +by,c = cit + co,d = dit + do,
AaBaa17a27b17b27017627d15d2 € Ra
X (t) is matrix function and x1(t), x2(t) are real functions of one real variable ¢ by
frist derivate 2 (t) = 2L o (t) = 922,

dt dt
In [2,3,9] for this class of matrix differential equations (1.1), the matrix polyno-

mial solution
_ Py ()
%= (g0)

is presented, where P,(x) and @Q,(x) are polynomials of the degree n. For this
solution, the following theorem is true.

Date: December 7, 2023.
Keywords. class of 2D matrix differential equations, second-order differential equations, ex-
amples.
2010 Math. Subject Classification: 34A30 .
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136 B. ZLATANOVSKA AND B. PIPEREVSKI

Theorem 1.1. Let the class of 2D matriz differential equations (1.1) be given. Let
the conditions a-b-c-d-(a-d—b-c)-A-B # 0,0 # 0, # 0 are satisfied. If
there exist a natural number n (the smaller one if there are two) that satisfies the
condition

r(M +nP')=1,r(M +kP') =2,k <n,k € N,r — a rang of the matriz
A+na #0,B+nd #0,
i.e. the condition (a’'d' —¥c')-n?+ (Ad + Ba') -n+ AB = 0 then the 2D matriz
differential equations (1.1) has the matriz pilynomial solution of a degree n and

no other polynomial solution of degree less than n, given by the Rodrigues matriz
formula

dn—l
X,=T- g1 [Ty - Uy],
where
_(f@) O _ (B(k-b+a) 0 _(ad—=b-o"t 1
T—< 0 f(b) = 0 Ak -d+c) Ui = 10 1
nc A+ nd _[aBtadg
= — = — e ad—bc
K B+ nd nb’ ft)=e '
1.e.

iy (O - Bl 4 ) - (ad = b
X, = f(1) <Zd;11[f1(t) -A(kd 4+ c) - (ad — bc)n1]>

In [1,2,4] for this class 2D matrix differential equations (1.1), the matrix polyno-
. . P, 71(t)
al solution X,, = [ "~

mi ution X, ( On(t)

mials of degree n — 1 i.e. n.

) is presented, where P,_;(t) and @Q,(t) are polyno-

For this matrix polynomial solution, the following theorem is true.

Theorem 1.2. The subclass of matriz differential equations (1.1) with condition
a-b-c-d-(a-d—b-c)-A-B#0,0/ =0, #0,d/d =1

has a matriz polynomial solution of degree n and no other polynomial solution of
degree k < n,k € N if and only if there exist a positive integer n such that the
conditions

nd +B=0,ka + A#0,k<n,ke N

are satisfied. By the Rodrigues matriz formula, the matrixz polynomial solution
n—1 _ —
tom s (, =yt 00
Bo - gperld - (ad = be)" - fH(8)]

[ aB+Ad
is given, where f(t) =e Jaaeed
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The class second-order differential equation with polynomial coefficients of the
type
(St +T)(t* + Qt + R)z" + (8ot + it + Bo)’ + (1t +y0)x =0 (1.2)
Sa T7 Q7 RJ 627/817 ﬁov’Yl»’YO ER

has a fundamental role in the theory of differential equations related to numerical
mathematics, special functions, the Sturm-Liouville problem, as well as calculus of
variations and applications.

In [1,2,3], the following theorem was proved.

Theorem 1.3. The second-order differential equation (1.2) has one polynomial
solution of degree n and no other polynomial solution of degree k < n,k € N if
there exist a positive integer n (the smaller one if there are two), which is the root
of the characteristical equation Sz* 4 (B2 — S)x +~v1 = 0 and if the conditions

S%(By + SR — QT) + T2(S + B2) — TS =0
S*(v0B1 + 76 — Bo) + T(n + B2)(Ty1 — 257) =0 (1.3)

are satisfied. In this case, the polynomial solution is given by the formula

n—1

v(t) = J(0) S+ K)( 4 Qe+ Ry )

_ Mt+N
where f(t) = ¢ ) Prarer® M = B8 N = SHZTETS Ko L7y (276, -
SB1+ Ty — Sv))-

For a second-order linear homogeneous differential equation of the type
P(z)y" + Q(z)y' + AR(z)y = 0,

Brenke [17] shows that it will satisfy the condition for the existence of polynomial
solutions of degree n for each n € N, for a suitable value of parameter A\ and
if P(x),Q(x), R(x) are polynomials of second, first and zero degrees respectively.
He also gives the general formula for the sequence of polynomial solutions of that
equation and under certain conditions shows their orthogonality with appropriate
weight. Let us note that in that case, when all members of the sequence (\,),n =
0,1,2,... are different, then A, are called eigenvalues, and the polynomials y, (x)
are eigenfunctions. In [11, 14], this second-order linear homogeneous differential
equation is also the subject of studying. For this important class of second-order
differential equations, it is important to mention the classical results regarding
polynomial solutions of the very important hypergeometric differential equation,
as an equation with polynomial coefficients of the type (1.2). Legendre, Jacobi,
Tschebyscheff, Hermite, Laguerre, etc. polynomials appear as special cases of such
known orthogonal polynomials as solutions of differential equations of type (1.2).
which finds great application in numerical mathematics.
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In the theory of partial differential equations and the calculus of variations,
the classic result for solving a Dirichlet interior problem for a contour problem
for Laplace’s partial differential equation on a sphere is known. By transforming
into spherical coordinates and using the Fourier method of separation of variables,
differential equations of the type (1.2) are obtained whose solutions are the clas-
sic orthogonal Legendre’s polynomials which are also eigenfunctions for the corre-
sponding Sturm-Liouville problem. In doing so, the solutions of Laplace’s partial
differential equation are obtained in the form of homogeneous polynomials of the
appropriate degree and they are called spherical harmonic functions. By introduc-
ing elliptic coordinates in Laplace’s partial differential equation, this approach to
solving the same problem but for an ellipsoid was used by Lame. By using ellip-
tic functions and the Fourier method of separation of variables, the second-order
differential equation of the type (1.2) was obtained whose polynomial solutions
are the Lame polynomials [8, 10, 16]. The Lame equation is a special case of the
Schrédinger equation with a periodic potential and a spectrum that has exactly n
layers on the semiaxis. This equation is a special case of Hill’s equation.

2. Main results

We consider the connection between a 2D matrix differential equation of the form
(1.1) and a second-order differential equation of the form (1.2).

Theorem 2.1. Let the 2D matriz differential equation (1.1) be given. Let the
conditions a-b-c-d-(a-d—b-c)-A-B # 0,/ # 0, # 0 be satisfied. If the conditions
(1.3) are satisfied then the 2D matriz differential equation (1.1) corresponds to the
second-order differential equation (1.2).

Proof. Let the 2D matrix differential equation (1.1) be given. The 2D matrix
equation (1.1) corresponds to the second-order differential equations. In relation to
the first component function x;(t), the second-order differential equation is

b(ad—be)x +(ad'b—c'b*+a'db—adb' + Abd+abB) x|+ A(bd' —b'd+Bb)xz; = 0 (2.1)
In terms of the second component function xs(t), the equation is
c(lad—be)zhy+(ad' c—b 2 +d'dc—add + Acd+acB)zh+B(ca' —a+Ac)zs = 0 (2.2)

The second-order differential equation (2.1) is equivalent to the second-order dif-
ferential equation of the form (1.2), if the following relations

b1 =85,b0 =T,a1d1 — bic1 = 1,a9do — baco = R,
ards + azdy — bicg — bacy = Q,
ardiby — c1b3 + Abidy + Baiby = o,
2dyarby — 2brciby + Abids + Abads + Barbs + Bash, = i, (2.3)
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dyagby — c1b3 + aydaby — biagds + Abads + Bagby = Sy,
ABbl =1, A(Bb2 — bidy + dle) =Y

are satisfied. From the equations of the system relations (2.3), the first condition
of the conditions (1.3) is obtained. From the equations of the system relations
(2.3) and the first condition from the conditions (1.3), the second condition of the
conditions (1.3) is obtained.

The second-order differential equation (2.2) is equivalent to the second-order dif-
ferential equation of the form (1.2) if the following relations

C1 — S, Cy — T, a1d1 - b101 = 1,(L2d2 - bQCQ = R,

ards + azdy — bica — bacy = Q,

ardici — bict + Acydy + Bajey = Ba,
2d1aico — 2b1cieo + Acids + Acody + Baqico + Basep = By, (2.4)

d1a202 — blc% + aldQCQ — clang + ACQdQ + BGQCQ = ﬁo,

ABcy = Y1, B(ACQ —cras + alcg) =Y
are satisfied. From the equations of the system relations (2.4), the first condition of
the conditions (1.3) is obtained. From the equations of the system relations (2.4)
and the first condition from the conditions (1.3), the second condition of the condi-
tions (1.3) is obtained. According to given a 2D matrix differential equation (1.1)

corresponds to two second-order differential equations (1.2) that satisfy condition
(1.3). 0

Theorem 2.2. Let the second-order differential equation (1.2) be given. Let the
conditions (1.3) be satisfied. Then the second-order differential equation (1.2) cor-
responds to the 2D matrixz differential equation (1.1). The coefficients of the the
appropriate 2D matriz differential equation with the form (1.1) are given by the
formulas

b = S, by =T,8d1 A% — (B2 — S)A+ a1 =0,

" 1 1 ’)/1T
= — = — — = - — - 2
B = c1=glad —1),dy = o (“g + AT =), (25)
1 1
as = ﬁ(ﬂo +SR—-TQ —TAdy),co = T(an? — R)

where a1 and dy satisfy the conditions a1-dy # 1,(B2—S9)?—4S-dy-a1-y1 = k* k€ R
i.e., by the formulas

c1 = S,c0=T,5d1 A% — (B — S)A+ a1m1 = 0,

1 1
B = %’bl = g(a1d1—1),d2= ﬁ(ﬁo+SR—TQ—BT@2)> (2.6)
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T AT 1
az = <1 + a(g’h —70),b2 = T(%dz - R)

where ay and dy satisfy the conditions ay-dy # 1, (B2—S8)%2—4S-dy-a1-v1 =k, k € R.

Proof. By the system relations (2.3), the formulas (2.5) are obtained. By the system
relations (2.4), the formulas (2.6) are obtained. O

Remark 2.1: Due to the quadratic equation for coefficient A, two 2D matrix equa-
tions (1.1) are obtained. According to the given second-order differential equation
(1.2) for which the conditions (1.3) are satisfied, corresponds to two 2D matrix
differential equations (1.1).

So one 2D matrix differential equation (1.1) corresponds to two second-order
differential equations (1.2) for which the conditions (1.3) are satisfied. One second-
order differential equation (1.2) for which the conditions (1.3) are satisfied, corre-
sponds to two 2D matrix equations differential equations (1.1).

Example 2.1. Let the 2D matriz differential equation
3t+1 3t+1 y -4 0 _ _ (z1(t)

(t—i—l 2t+2>‘X+<o 2)'X_O’X<t)_(:c2(t) 27)

28t% + Pt + %

28,2 oy 4

— St =8t +3

differential equation (2.7) coresponds to the following two second-order differential
eqautions,

(3t + 1)(3t% + 4t + 1)z + (3t> — 14t — 5)a) + (24t +8)xz1 =0  (2.8)

18 gwen by a matriz polynomial solution X = ( ) . The 2D matriz

(t+1)(3t> + 4t + )aly + (t* — 2t — 3)ah + (=8t —4)z2 =0 (2.9)
which satisfy the condition (1.3) by polynomial solutions
10 1 6 1
=12+ —t+ —,wo(t) =t + -t — -.
nt) =ttt gpmt)=r+gt=g
Let the second-order differential equation (2.8), i.e., the equation
1,5 4 1., 15 14 5 , 8 8
t+ -)( A i —t* = —t— = ——t+ = =0
(+3)( +3—|—3)$1+(3 9 9):1:1+( 9—1-9):161
is given. By the formulas (2.5) and aqy = 1,dy = 2, for the quadratic equation per
A, two solutions are obtained. For the solution A = —%,B = 2, the 2D matrix

differential equation (2.7) is obtained. But, for the solution A* =1, B* = 7%} the
2D matrix differential equation

(24 24) 76 ) r-oro- (i)

9 9
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28t2 + 20¢ +
a0 th . For the new
2D matriz differential equation by finding the corresponding second order differential
equations for y1(t) same differential equation (2.8) will be obtained as for x1(t).

While for ya2(t) a new second-order differential equation
19 ., 4, 1., 1, 130 29 , 8, 328
t— )2+t 4= e Rt — S+ )y =0
(1= S+ 5+ 3+ (58 — o + )+ (ot + o
205

is obtained by a polynomial solution yo(t) = t* + ggt + 5555

s obtained by o matriz polynomial solution Y =

By repeating the same procedure for the second-order differential equation (2.9), the
second-order differential equation
(%t+%)(t2+§t+%)x§’+(ét2—ét—%)x' 1,2
15 obtained.
By the formulas (2.6) and a1 = 2,d; = 1, for the quadratic equations per A, two
solutions are obtained. For the solution A = —%,B = 1, the same 2D matric
differential equation (2.7) is obtained. But, for the solution A* = 2, B* = —%, the
new 2D matriz differential equation

2t+3 2t4+ , (2 0 21(t)
-z - Z=0,Z(t) =
<t+2 t+1> o -1 2= L)
56t2 4 176
differential equation by finding the correspondmg second-order differential equations

for za(t) same differential equation (2.9) will be obtained as for xo(t). While for
z1(t) a new second-order differential equation

is obtained by a polynomial solution Z = ( 8) . For the new 2D matriz

16 4 1 2 28 38 16 68
%+ VB4 ot 4+ )2+ G2+ 2t D) (——t— —)z =0
( +3)( +3+3)21+(3 +9 9)21+( 3 9)21
s obtained by a polynomial solution
22 153
t)y=t>+ "t - —.
all) =+ == g

Remark 2.2: The 2D matrix differential equation (1.1) is better for examining the
integrability of second-order differential equations and it can also be used to study
systems of differential equations.

In [1, 2, 3, 4], the case of the subclass of 2D matrix equation (1.1) when b/ =
0,c # 0 connected to a second-order differential equation (1.2) is considered.

Theorem 2.3. Let the 2D matriz differential equation (1.1) be given. Let the
conditions

a-b-c-d-(a-d—b-c)-A-B#0,b/ =0, #0, (2.10)
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be satisfied.

If the conditions

S=0,71=0,82=0 (2.11)
i.e., the conditions (1.8) are satisfied, then the 2D matriz differential equation (1.1)
corresponds to the second-order differential equation (1.2)

Proof. Let the 2D matrix differential equation (1.1) be given. Let the conditions
(2.10) are satisfied. The 2D matrix equation (1.1) corresponds to the second-order
differential equations. In relation to the first component function x1(t), the equation
is
(ad — be)z | + (ad' — b+ d'd+ Ad + aB)z| + A(d + B)x1 =0 (2.12)
In terms of the second component function xs(t), the equation is
c(ad —be)zy + (ad ¢+ d'de — adc’ + Acd + acB)xh, + B(ca' — d'a+ Ac)xg = 0 (2.13)

The second-order differential equation (2.12) is equivalent to the second-order dif-
ferential equation of the form (1.2), if the following relations

b1 =5=0,bs =T,a1dy = 1,a2dy — baco = R, a1ds + asdy — bacy = @,
By = 0,2d1a1bs + Abody + Barhs = By, (2.14)
diazby — c1b5 + aydabs + Abady + Bagby = fo, 11 = 0, A(Bba + dib2) = 7o
are satisfied. The condition (2.11) is obtained by them.

The second-order differential equation (2.13) is equivalent to the second-order dif-
ferential equation of the form (1.2), if the following relations

c1 = 8,c0 =T,a1d1 = 1,a2ds — baco = R, a1ds + asd; — bac; = Q,
airdicy + Acidy + Bajcp = Ba,
2d1a1co + Acids + Acody + Baics + Basey = (B, (2.15)
diascy + ardacy — crasds + Acods + Basca = fy,
ABcy = 1, B(Acy — c1az + aic2) =%
are satisfied.

From the equations of the system relations (2.14), the first condition of (1.3) is
obtained. From the equations of the system relations (2.15) and the first condition
from the conditions (1.3), the second condition of (1.3) is obtained.

According to a 2D matrix differential equation (1.1) correspond to two second-

order differential equations (1.2) that satisfy conditions (1.3), i.e., the conditions
(2.11). O

Theorem 2.4. Let the second-order differential equation (1.2) be given. Let the
conditions (2.11), i.e., the condition (1.3) be satisfied. Then the second-order dif-
ferential equation (1.3) corresponds to the 2D matriz differential equation (1.1) for
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which the condition (2.10) is satisfied. The coefficients of the appropriate 2D matrix
differential equation with the form (1.1) are given by the formulas

by =8=0,bp=T,TA* — (B — T)A+ a1y =0,

1
CL1TB = Bl — 2T — leA,CIQ = E(% - Q - Adg), (216)
1 1 1
cL = T(aldQ +ady — Q),ca = T(@dz —R),d; = o

which satisfy the condition (S — T)2 —4-T- a1 -7 = k. k € R (a1 and ds -
parameters for conditions (2.11)), i.e., by the formulas
c1= 8,60 =T,S5d1A* — (B — S)A+ a1 =0,B = %,
T AT 1
= — —(=m — dy = — R—-TQ - BT 2.17
as Sal-l-%(s’ﬂ %), do TA(ﬂo-i-S Q as), (2.17)
1 1
by = T(azdz —R),d1 = o
which satisfy the condition (B3 — S)? —4S -~y = k%, k € R (a1 - parameter for the
conditions (1.8)).

Proof. By relations (2.14), the formulas (2.16) are obtained. By relations (2.15),
the formulas (2.17) are obtained. O

Example 2.2. Let the 2D matriz differential equation

(103 20) e (%) x—omo=(0)  ew

o . . . ~( —(3t—10) ‘
15 gwen by a matriz polynomial solution X = %2 _ 11t +8 ) - The 2D matriz
differential equation (2.18) coresponds to two second-order differential eqautions,
3(t* — 6t — 4)x} + (9t — 30)x} — 921 =0 (2.19)
(t +2)(t* — 6t — 4)ah + (26> + 2t — 16)ah — (6t + 18)x2 =0 (2.20)

which satisfy the condition (1.3), i.e., the condition (2.11) by polynomial solutions
ri(t) =t — Lo,xg(t) R —
3 2
Let the second-order differential equation (2.19) is given. By the formulas (2.16),
for the quadratic equation per A, two solutions are obtained. For the solution A =
3,B = =2, the 2D matriz differential equation (2.18) is obtained. But, for the
solution A* = —1, B* = 2, the 2D matriz differential equation

(57 1) (3 2) oo (26)
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—3(3t — 10)
t+16
matriz differential equation by finding the corresponding second-order differential
equations for y1(t) same differential equation(2.19) will be obtained as for x1(t).

While for ya2(t) a new second-order differential equation

1 10 2 26 2
(3t + ) = 6t = gz + (G + Tt = 32)p + (5t + 2)p = 0

i.e., the equation
(t 4+ 10) (2 — 6t — 4)yh + (2% + 26t — 96)yh + (—2t + 6)ya = 0
1s obtained by a polynomial solution

yg(t) =t + 16.

15 obtained by a matriz polynomial solution Y = . For the new 2D

The same procedure for the second-order differential equation (2.20) is repeated.
By using the formulas (2.17) for the solution of the quadratic equation per A, two
solutions are obtained. For the solution A = 3,B = —2, the same 2D malrixz
differential equation (2.18) is obtained. But, for the solution A* = =2, A* =3 | a
new 2D matriz diferential equation

t+4 18 y -2 0 _ 1)
<t+2 t+8> S ( 0 3) Z=0,2(t) = (Z2(t)
—(5t% — 32t + 35)

262 — 11t + 8
differential equation by finding the corresponding second-order differential equations
for zo(t) same differential equation (2.20) will be obtained as for xa(t). While for
21(t) a new second-order differential equation

18(t% — 6t — 4)z] + (54t — 180)2] + 1442, =0

is obtained by a polynomial solution z1(t) = t? — %t + 7.

by a matrix polynomaal solution Z = . For the new 2D matriz

3. Conclusion

In general, it can be concluded that the 2D matrix differential equation (1.1)
is connected with the second-order differential equation (1.2) and with systems of
differential equations, [12, 13, 15]. This connection can be used when studying
the properties of any of them, as of example: conditions for the existence of a
polynomial solution and its formula, a connection with classical polynomials and
polynomials orthogonal to a circular arc, etc., [1, 2, 3, 4, 5, 6]).

In [7] from the same aspect in the form of a system of differential equations,
another class of 2D matrix differential equations is considered. In fact, that class of
2D matrix differential equations is a subclass of the class of 2D matrix differential
equations (1.1).
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