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EXIBITION OF PARAMETRIC FAMILY OF ALGEBRAIC
POINTS OF GIVEN DEGREE ON AFFINE EQUATION CURVE:
2 6 3
-y =2z —20z° — 8

MOHAMADOU MOR DIOGOU DIALLO

Abstract. We determine explicitly the set of algebraic points of given degree
in the hyperelliptic curve of affine equation —y? = 2% — 2023 — 8.

This curve has rang null, so we can use the Riemann-roch espaces and the
Abel-jacobi theorem to determine all the algebraic points of given degree.

1. Introduction

Let C be a projective algebraic curve defined over Q. For any number field K, we
denote by C(K) the set of points on C with coordinates are in K and

U C(K) = Ce(K) the set of algebric points of degree at most £ over Q. The degree
[K:Q]<¢
of an algebraic point R is the degree of its field of definition on Q i.e
deg(R) = [Q(R) : Q]. We denote by J the Jacobian of C and by j(7T') the class
[T — oo] of T'— 00, i.e. j is the Jacobian folding (see [6]):

i C — J(Q),
T — [T —

where J(Q) is the Mordell-Weil group of rational points of the Jacobian of C (see
[10]); this group is finite (cf. [1]).

The curve C of affine equation —y? = 2% — 2023 — 8 is smooth and is studied in [I]
by Nils BRUIN. The projective equation of the curve C is given by:

~7%v? = X5 - 20x37% - 825, (1.1)

Date: December 4, 2024.
Keywords. Mordell-Weill group, Rational Points, Jacobian, Galois Conjugate, Linear
Systems.
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16 MOHAMADOU MOR DIOGOU DIALLO

which can be written in this form

( 1 2
21 —w2) = -x*[] (X - 6,2)
t=0 r=0
C: where (1.2)
2 1
2V =] [](X - m, 2)

\ k=0 p=0

which also corresponds to the affine equation

1 2
[Ty—2)=—*T]@—-0)
C = where = (1.3)
1
v =TT 110w, —2)
k=0p=0

with v, = (—1)!2v/2, 6, = ¥ 20e 5 and depending on the values respectively taken

-1 2p+1 12 —
by kp = 0, 1 and 2; we have n;,, = 1+ (—1)PV/3, +V3+ (2)2 6v/3

—1 -3+ @)>»\12+ 63

and 5 ; explained in the following table:
k=0, pe{0,1} k=1, pe{0,1} k=2 pe{0,1}
~1+VB+0/12-6V3 —1-V3+0V/12+6V3
7]00:1+\/§ My = 2 =

2 2
143 —W/12 - 63 13- /12+6V3
T2, =
2 2

7701:1_\/3 m, =

such that 22 = —1. Let I, Py,, Qrt and oo be the points of C defined by:
Ii=100:v:1), Py, =[n, :0:1], Qr¢ = [6r: ¢ : 1] and co =[0: 1: 0].

In this note, we explicitly determine the set of algebric points of given degree over
Q, denoted C*(Q), which is an extension of the result in [I] which exibited the set
of rational points therefore of degree one and that its group J(Q).

2. Main result

The main result of our work is given by the following theorem:
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Theorem 2.1. The set C*(Q) with £ > 5 is given by C'(Q) = U En; with:

ne{0,1}
6 4 1 1 i )
=2 A ' pZ:—§Z<1+(—1)p\/§> , the a;
a; (2" +np") p=0
ZZ:% and b; are scalars such that a; € Q,
x’ . .
L2n=5 bj € Q,a0 #0, aeizn # 0 if £ is even,
. 2
En = > bl t? beron—s # 0 if £ if odd and x
- 2
3=0 s a root of the equation:
042n 12 04+2n—5 12
2 b+ npi 2 4 24=12n-5¢ 21
S ) ) = | X e E ) I Tow o
i=n 7=0 k=0 p=0

2.1. Auxiliary results.

For a divisor w on C, let £(w) denote the Q-vector space of rational functions f
defined over Q such that f = 0 or div(f) > —w ; l(w) denotes the Q-dimension of
L(w) (see [8]).

Lemma 2.1. For curve C, we have the following rational divisors:

1
it div(z) = Z Qrt — 200,
t=0

1
ii: div(z — 0,) = Z Qrt — 200,
t=0

2
iii: div(z — ) =3I + Y Qps — 600,
r=0
2 1
iv: div(y) = Z Z Py, — 600.

k=0 p=0

Proof. Let x, y be the affine coordinates and X, Y and Z the projective coordinates.

Let’s: © = % and y = % We have:

i: div(z) =div(%) =(X=0)-C—(Z=0)-C.
1
e For X = 0, it follows from 1) implie that Z4 H(Y —vZ) = 0 which
t=0
is equivalent to Z* =0 or (Y — 1 Z) = 0.
This gives the points @,; with ¢ € {0,1} and co with a the order of
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the multiplication 1 and 4 respectively. Hence

1
(X =0)C=) Qn+4o0. (2.1)
t=0
e Similarly for Z = 0, then it follows from that: X% =0.
We therefore obtain the point co with a multiplicitous order equal to
6 . Hence
(Z =0)-C = 600. (2.2)
Thus from relations and , we deduce that:

1
div(z) = Z Qrt — 200.
t=0

ii: Let’s calculate: div(x—d,) = div(X —6,2)—div(Z) = (X = 06,2)-C—(Z = 0)-C.
e For X = 6,7, it follows that: Y2 =0 or Z4 = 0.
This gives the points Q.+ with ¢t € {0, 1} and oo whose order of multi-
plicity is 1 and 4 respectively. Hence

1
(X =0,2)-C=)_ Qs +4oc. (2.3)
t=0
e For Z =0, we find the relation (2.2)).

Thus from relations (2.2)) and (2.3)), we deduce that:

1
div(x — 6,) = Z Qrt — 200.
t=0

iii: Let’s calculate: div(y—~;) = div(Y —y2Z)—div(Z) = (Y =wZ)-C—(Z = 0)-C.
2
e For Y = 1 Z, it follows 1’ that: X3 H (X —6,Z) =0 the result
r=0
X3 =0or (X —6,Z) =0. This gives the points Q,; with r € {0,1,2}
and I; order of multiplicity is 1 and 3 respectively. Hence

2
(Y =%2)-C=3L+> Q. (2.4)
r=0

e For Z =0, we find the relation ([2.2)).

Thus from relations (2.2)) and (2.4), we deduce that:

2
div(x — ) = 31 + Z Qr,t — 600.
r=0
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iv: div(y) = div(¥) = (Y =0)-C—(Z=0)-C.

N

2 1
e For Y = 0, it follows from (1.2) that: [] J](X —m,2) =0. This
k=0 p=0
gives the points: Py, with a multiplicative order of 1 for each point.

Hence
2 1
(Y =0-C=) > P, (2.5)

k=0 p=0
Thus the relations (2.2) and (2.5)), we deduce that:

2 1
div(y) = Z Z Py, — 600.

k=0 p=0
O

Corollary 2.1. The following results are the consequences of Lemma we
have:

1 2 1
a: Y j(Qre) =0 and YY" j(Py,) =0,
t=0 k=0 p=0
2
b: 35(1) + > §(Qre) = 0.

r=0

Lemma 2.2. According to [1], we have:

JQ) = (i(Po,) +Ji(Po,)) ®Z/2L
= {n(i(Po,) +J(Po,)), with n € {0,1}}

Remark 2.1: Note that, if A € J(Q) then: X = n(j(Py,) + j(FPo,)),
= _n([POO - OO] + [P01 - OO]),

1
= —nNn ZPOP—QOO
p=0

Lemma 2.3.
1: We have the following linear systems:

e L(o0) = (1),

o L(200) = L(300) = (1,z),

o L(4c0) = <1,x,:c2>,

o £(500) = (1,2,2% yia?),

o L(600) = <1,a:,a:2,yflsa:2 x3>,

o L(700) = <1,$,w2,y%w2,x3,yéw3>,
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L(80) = <1,x7x2,yéx2 23, ysad, :C4>

(
(

L(900) = <1,a:7:1: yG:c x> yGa:?’ x? yéx4>

e £(1000) = <1,:E,95 ,yéxQ,x3,yéfL’3,x4,y6x4 x5>

2: Generally, for d intiger a Q-base of L(doo) is given by:

, d )
By = {:UZ 1€Nandi < 2}U{yéx]+2
Proof.

1: There are direct consequences of Lemma and the use of Clifford’s theorem
(see [3]).

2: It is easy to show that By is a free family, it then remains to show that
#By = dim L(doo). We know that the genus of C is g = 2 (see [2]). Since
the curve has genus 2, according to the Riemann-Roch theorem (see [4, §]),
we have dim £L(doo) =d—g+1=d—1sinced > 2g —1=3.
Two cases are possible:
First case: suppose that d is even, then d = 2h we obtain:

jeNandjgdf}.

2<d<:>z<2h—hthesame]< <:>]<2h5<:>]<h—7
= j<h-— f—h 2= j< h—- BIfllowsthat.

By = {1,x,...,xh}U{yéx2 yGa:?’ yflixh 1}
So we have:

#Bi=h+1+h—-3+1=2h—1=d—1=dimL(do0).

Second case: suppose that d is odd, then d = 2h 4+ 1, we get:
i<tei<l o i<h+l=i<h+1= i< h thesame
jg%ﬁjg%%:h—z Thus we have:

Bg = {1,x,...,xh}U{yéx2,yéx3 ..,yéxh}
It follows that:

#By=h+1+h—2+1=2h+1)—1=d—1=dimL(do).

2.2. Proof of the main theorem.

The following proof coorrespond to the demonstration of our main theorem.
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Proof. Let R € C(Q) be of degree [Q(R) : Q] = ¢ with ¢ > 5and R ¢ {I;, Qry, Py, 0} .
L

> R - eoo] € J(Q).

=0

Consider Ry, ..., Ry the Galois conjugates of R and let A =

1

we have A = —n Z Py, — 200 | with n € {0,1}, and hence
p=0

p—

From Remark 2.

A 1
Y R.—too| = [2n00-n)> Ry, |. (2.6)

Lc=0 p=0

The expression ([2.6)) gives the following equation:

[ ¢ 1
Y Rc+n) Py, —(L+2n)o0| =0. (2.7)
s=0 p=0

From equation ([2.7)), we have deduced that, according to the Abel-Jacobi theorem
[5, @], there exists a rational function ((z,y) defined on Q such that :

l 1
div(¢) =) Re+nY_ Py, — ({+2n)oc. (2.8)
s=0 p=0

Two cases are possible:

1%tcase: n = 0.

The formula (2.8]) becomes:

¢
div(¢) =Y R — loo. (2.9)
s=0

From expression (2.9), we deduce that ( € L({Py). From Lemma we
have:

£ £=5
2 2
Cla,y) =D a’ + > bysad*?, (2.10)
i=0 §=0

where a; and b; are scalars such that b; € Q and a; € Q* (otherwise one of
the R.’s should be at Py,, which would be absurd), a; # 0 (otherwise one of
2

the R¢’s should be at oo, which would be absurd) and b,—s # 0 (otherwise
2

one of the R¢’s should be at oo, which would be absurd).
case: n = 1.
The formula (2.8)) implies that ¢ € L((£+ 2)o0), according to Lemma

2nd



22 MOHAMADOU MOR DIOGOU DIALLO

we have
o2 =3
2 . 2 1 .
((x,y) = Z a;x’ + Z bjysalt? (2.11)
=0 j=0
and since ordp, ¢ = ordp, ¢ =1 so0 ((Fy,) = ((F,) = 0 thus implied that
S . 1< i
ag = Z;aipl where p' = D) 2) (1 + (—l)p\/§> , then the equation (2.11
i= p=
is then written as follows:
42 =3
2 . . 2 1 .
C(x,y) =D ai (' +p') + ) bjysalt? (2.12)
i=1 j=0

where a; and b; are scalars such that a;.,, b; € Q, a2 # 0if £ is even
- 2

(otherwise one of the R.’s should be at oo, which would be absurd) and
bes # 01if £ is odd (otherwise one of the R.’s should be at oo, which would
2

be absurd).
So, from equations (2.10) and (2.12)), we deduce that for all n € {0,1}, we have:

£4+2n £4+2n—5
2 2
. . 1.
Co(z,y) = Z a; (ZIUZ + n,OZ) + Z bjyéxj‘”.
i=n §=0
2 6
2 . .
Z a; (z* + np')
At point R, we have (,(x,y) = 0, this implies that y = i:ZWH,)

2
e Jt2
E bjx
§=0

By replacing the expression for y in (|1.3), we obtain the following equation:

2 12 ton=s 12 -
Z a (z'+np') | = Z bzl T2 H H(nkp — ). (2.13)
i=n §=0 k=0 p=0
Equation can be written as follows:
tion 12 tions 12

2 1

: z' 4+ npt : | 24-12n-5¢
Yo (Z)) < (X e ) oo
i=0

i=n T 12 k=0p=0
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The expression ([2.14]) is an equation of degree /.

(42 5¢
Indeed, the first member is degree 12 x +2 n_ T n> = /{ and the second
£+2n—-5 24—12n—5¢
one is degree 12 x + 2n + 12n + 6> +6="/.
This gives a degree point family ¢:
( 6 , 1< i
e ‘ A pZ:—§Z<1+(—1)p\/§) , the a;
Z a; (z* + np') p=0
i—n and b; are scalars such that a; € Q,
x, e
Lr2n=5 bj € Qa0 #0, arr2n # 0 if £ is even,
. 2
En = Z bzl T2 beran—s # 0 if £ if odd and z
- 2
J=0 is a root of the equation:
42n , N2 jaomes 2
. z' +np' 2 4 24-12n-5¢
> ai 2, = bjx 2 T ILw, — =)
T r12 ~_ 0 e
\\ i=n 7=0 k=0p=0
O
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