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SOLUTION OF DIDO’S PROBLEM USING VARIATIONS

ALEKSANDRA RISTESKA-KAMCHESKI

Abstract. Isoperimetric problems constitute a fundamental category within variational
analysis where optimization is conducted under specific constraints. The classical
problem involves determining the geometric shape with the greatest enclosed area with a
fixed perimeter - the solution is a circle. The present study illustrates how the methods
from the calculus of variations can be used to resolve such problems, beginning with an
adaptation of this classical formulation.

1. Introduction

Numerous mathematical problems are inherently expressed as the task of determining a
function that minimizes a particular quantity of interest. A classic example from geometry
is the question: what is the shortest path between two points in R™? Although it is well
known that this path is the straight line connecting the two points, providing a rigorous
proof requires more subtle reasoning. A more sophisticated problem of the same type
arises when, given an open set € with prescribed boundary conditions, one seeks a surface
defined on this set that satisfies the boundary constraints while minimizing the surface
area. The calculus of variations operates on functionals defined over normed vector
spaces, particularly spaces of functions. The techniques and results developed within this
framework are both elegant and powerful, closely resembling the analytical tools used in
finite-dimensional real analysis. One of the most significant outcomes of variational
analysis is the Euler—Lagrange equation. This result is fundamental, as a wide range of
problems in mathematics, physics, and applied sciences can be reformulated as the
minimization or maximization of an integral over a given domain.

2. Derivation and proving of theorems

We will explore for extreme of the functional
X
VIy()1= | F(x y(x, y'(x) dx | 2.1)
X0
at the limit points of the allowable set of curves: y(Xp) = Yo and y(X;) = y; . We assume
that the function F(x,y,y") is three times differentiable.

Keywords. : extreme, functional, variation, condition, problem.
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We know that the necessary condition for an extreme is the variation in the functional to
be equal to zero ([3]). We will now show how the main theorem is applied to the given
functional (2.1).

Let’s assume that the extreme reached on two times differentiable curve y = y(x) (it is
necessary to have a first-order derivative of the other curves, otherwise it may be the

curve on which the extreme is reached). We are taking some limit curves y = y(x) close
to y = y(x) and we include the curves y = y(x)and y = y(X) to the family curves
with one parameter

y(x, @) = y(x)+a(y(x)-y(x)) .
When a =0, we receive the curve y = y(x) , while for & =1 we receive y = y(x) .
As we already know, the difference y(x)— y(x) is called the variation of the function
y(x) and is noted with the S5y .([4])
The variation &y in variational problems plays a role analogous to the role of the
increase Ax of an independent variable X in problems for the study of the extreme of
function f (x) . The variation of function 8y = y(x) — y(x) is a function of the X.

This function can be differentiated one or several times, as (5y)'=y'(X)—y'(X) =5y
is generated if the variance is equal to the variance of the generated, and similarly

(6Y)"=y" () -y"(X) =35Y"

6y)® =y Oy -y (x) = 5y®,

Hence, we analyze the family y = y(X,«) , where y(x,a) = y(X)+ady, containing
the @ =0 curves, whose extreme is reached, and in some @ =1 approximately close or
curves called comparison curves.
If we look at the values of functional (2.1), only at the family curves y = y(x,«) , the
functional turned into function of « :
VIy(x, @)] = p(a),

As in the case that we consider, v[y(X, «)] is a functional depending on parameter, the
value of the parameter ¢ determines the curve of the family y = y(x,«) and by that
determines the value of functional v[y(x, )] as well.

X
Theorem 2.1. If functional v(y) = '[ F(x,y,y")dx has a local extreme in y , the

X0
necessary condition for extreme of functional is
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X1
[ IRy —% Fy 18y dx=0, ([3]) (2.2)
X0

Proof. We analyze the function ¢(«) . It reaches its extreme at @ =0. When o =0, we
receive y = y(x) , and the functional, in assumption, reaches the extreme compared with
any permissible curve, and in particular, in terms of the nearly families curves
y=yXa) .

The necessary condition for extreme of the function () at & =0 is its derivative to
be equal to zero at & =0 ([3]), i.e.

9'(0)=0 .
Since
X1
(@)= [ F(xy(xa), vy (xa)) dx,
X0
Its derivative is
p'(a) = le[F 0 y(X,a) + F'-iy'(x a)):| dx
X0 ' Oa | ' da | |

Where
F,'= % F(X y(x,@),y'(x,2)),

|:>',. = ayi F(x, y(x,a),y'(X,@)),

2 yixa) =ai[y(x)+a5y]=5y
(04

oa
2 y(xa) =Ly +asyl=oy,
a oa
and we obtain

X

@)= [[Fy(x y(xa),y'(xa)sy+Fy(x y(x.a),y'(x a)sy']dx,
X0
X

0'0) = [ [ Fy (6 y00,y'00)3y + Fyr (%, y(x), y ()Y | dx (@ =0).
X0

As we know, ¢'(0) is called the variation of functional and noted oV .([3])
The necessary condition for extreme of functional is its variation to be equal to zero
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ov=0 ([8]).
For the functional (2.1) this condition has a type of

X
[IFy oy +FyoyTdx=0 (2.3)

X0
Integrating the equation (2.3) in parts, whereas oy'=(Sy)', we obtain

. 1K ! o
v =[Fy Sy ]‘XO + [ 17y o Fyloy dx=
X0

X1 ' ' ‘
= f Fyoydx+Fy (X1, (X, @), Y (%, @))8Y (%) — Fy (X0, Y(Xo, @), ¥ (Xg, @)Y (%) =
X0

o . _
= J. Fyéy dx+ Fy'(xl’ Y(le 0(), y I(X]_’ a))(y(X]_) - y(xl))
X0

1 _ Xl '
—Fy (X, (X0, @), ¥ (X, 2))(¥(X0) = Y(Xo)) — I (6y)dFy. =
X0

Xl , ,
= f Fyoy dx+Fy(xq, (X, @), ¥ '(%, @))(0)
X0

| X .
—Fy (%0, Y(%0, @), (%0, @))(0) - [ (8) %Fy'
X0

Since all of the possible (permissible) curves in the given problem pass through fixed
limit points, we obtain

Xl d .
ov= | [F,'-——F,]oydx .
Xfoty - P19y

Note. The first multiplier Fy '—di F;/- of the curve y = y(x) reaches the extreme of the
X

continuous function, and the second multiplier 5y , with arbitrary comparisony = y(x)
is arbitrary function having passed only certain general conditions, namely: the function
oy in the boundary points X=Xy, and X=X, is equal to zero, continuous and
differentiable one or several times, oy or both 5y and S6y' are small in absolute
value.
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To simplify the obtained necessary condition (2.2), we will use the following lemma:

Lemma 2.1. (Fundamental lemma of the variational calculus) If for any continuous
function 7(x) itis true that

X

[ @)n(x) dx=0,

X0
where the function ®(x) is continuous on the interval [Xg, X] , it

d(x)=0,

in this interval. ([4], [9]).
Proof. We assume that, at the point X =X , lying in the interval (Xg,%;) , ®(x) =0, is
a contradiction.
Indeed, from the continuity of the function ®(x), it follows that if dD(Q) #0, O(x)

keeps the sign in the vicinity of X (Xg <X <X ). We choose function 7(x) which also
retains the sign in that vicinity and is equal to zero outside of this vicinity. We receive

X X1
[ @) n(x) dx= [ @(x)n(x) dx=0,
X0 X0
since the product ®(x)7(x) retains its sign in the interval Xy < X <X; and is equal to

zero in the same interval.
And so, we come to a contradiction, therefore ®(x) =0 . [

Note.The adoption of lemma and its proof remains unchanged if the function 7(x)
requires the following restrictions:

n(X) =n(x) =0,
n(x) There is a continuous derived to line n ,

The function 77(x) can be selected, e.g. :

{k(xio)Z“(xil)Z”, x €[X0, 1]

n(x) = il
0 X € [xg, % 1\[X0,x1] ,

where n is a positive number, and Kk is a constant.
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Apparently, the function 7(x) satisfies the above conditions: it is a continuous, there is
a continuous derivative to line 2n—1 , at the points Xy and X; it is equal to zero and by

reducing the factor by k we can do ‘77(5) (x)‘ < ¢ forthe Vx e[Xg,%].

Now we will apply the fundamental lemma of variational calculus to simplify the above
necessary condition for the extreme (2.2) of functional (2.1).

X
Consequence 2.1. If functional v(y) = j F(x,y, y")dx reaches the extreme of the curve

X0
y=y(x) , and F;, and diFy are continuous, then y = y(x) is a solution to the
X

differential equation (equation of Euler)

F,——F

=0,
y dx y

Or in an expanded form

Fy -k = Fyy-y'— Fy-y-y" =0.
Proof. The proof of consequence 1.1 follows immediately from the fundamental lemma
of variational calculus.([8], [9]). [

This equation is called the equation of Euler (1744 year). Integral curve
y = y(X,C4,C,) equation of Euler is called extreme.([1])

To find a curve, which reaches the extreme of functional (2.1) we integrate the equation
of Euler and spell out random constants, satisfying the general solution of this equation,

of the boundary conditions y(Xg) = Yo, Y(X{) =Yy .

Only if they are satisfied with these conditions, the extreme of functional can be reached.
However, in order to determine whether they are really extremes (maximum or
minimum), a sufficient conditions for extreme must be studied as well.

To recall, that boundary problem

d

F,——
Y dx

Fy =0, y(X)=Yo. Y(X)=Y1.

not always has a solution, and if there is a solution, then this may not be sole.

It should be considered that in many variational problems the existence of solutions is
evident, from physical or geometrical sense of the problem, and in the solution of the
equations of Euler satisfying boundary conditions, only a single extreme may be the
solution of the given problem.
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3. Different forms of the Euler Lagrange equation

Let’s suppose that y(x) is an extremizer of I(y)
Since F = F(x,y,y")

0Fdx O0Fdy OF dy'
R P S
dxdx Odydx 0dy dx

aF  OF aF
ax+a—y +a—y,y (31)
Consider

d ( ,0F\ _ _,d (0F OF
=05 =vEG) 5 (3.2
Subtracting (3.1) — (3.2) we obtain,

dF d<,aF>_aF+aF , d(@F) ,
dx dx yay ~ax  dy dx \ay' y

d oF

5( _yay) _y[ay dx(@y)]

As y(x) is an extremizer and by using the Euler-Lagrange equation, we obtain
d 1 OF\ _OF
E(F_y ay/) ax =0,

which is another form of the Euler-Lagrange Equation.

Special Cases. Extremize

X2
1) = f (y,y)dx y(xl) = y1; y(x2) = y2.

x1

(i) When x does not appear in F explicitly
oF
ox

d (. oy oF _ .
dx y ox

Hence,

becomes

13
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OF
d '\ _
a(F—y0Y>— :

or
oF .
ay, = const.
This is known as Beltrami Identity. ([2])
(ii) When y does not appear in F explicitly
oF
ayr -
Hence,
d (6F) oF 0
dx\ay'/ ay
reduces to
d (OF\ _
=Gy =0
or
oF "
y - const.
(iii) When y” does not appear in F explicitly
oF 0
ay'
then
d (6F) oF 0
dx\ay'/ ay
reduces to
oF 0
dy

4. Constrained Extremization Problem (Isoparametric Problems)

In certain problems of calculus of variations, while extremizing a given functional I1(y),
along with the end conditions y(x1) = y1, y(x2) = y2, we also need the extremizing
function which must satisfy an additional integral constraint as we see in the following
Dido’s Problem.

Dido’s Problem. Find the plane curve of fixed perimeter which has a maximum area
above X - axis.
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1%5,74)

(xy.%;)

Figure 1.

The perimeter and the area under the curve are given by

x2
Perimeter = Arc length = f J1+y'?dx
x1

x2
Area under the curve = f y(x)dx.

x1
Variational Problem. Maximize

x1
Mw=jy®w

2

f;lz /1 +y?dx =1L,
and with boundary conditions

y(x1) = yl and y(x2) = y2.
General Problem. Extremize

subject to the constraints

X2
1) = | Feyy)dx
x1
subject to the integral constraint
x1
f G(x,y,y") dx = L = constant,

X2
and with boundary conditions

y(x1) = yland y(x2) = y2

15
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Lagrange Multiplier Technique:

Convert the constrained optimization problem into an unconstrained optimization
problem by the Lagrange Multiplier Technique.

Define a new functional H by

H,y,y) =Fx,y,y)+ 16 y,y")
and optimize
2 ,
S5 HGy,y)dx,
without constraints. It means to optimize
x2
10) = [ FGy.y) + 4660y, y)dx

x1

with boundary condition y(x1) = y1 and y(x2) = y2.

The problem is solved by solving the Euler Lagrange Equation:

0H d (aH)
dy dx\ay'
y(x1) =y1, y(x2) =y2

Solution of Dido’s Problem. Maximize

x2
10) = [y
x1
subject to

f;lz 1+y'2dx dx =1L,
with boundary condition y(x1) = y1 and y(x2) = y2.

From
Flr,y,y) =yx) Gy y)=yJ1+y"?
H,y,y )=y +A{J1+y"?
OH OH Ay'
dy -

AN

)

the Euler’s Equation is:
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== Ay =14+y"2

x+a
== A2Y2 =1 +y?)(x+a)?

== y?2(2%—-(x+ a))2 = (x + a)?

, x+a
y =
JA%2 — (x + a)?
== y=—y22-(x+a)+b

(y —b)?> =22 - (x +a)?
== (x+a)?+ (y—b)? =22

which is a circle, where the constants a, b, A can be obtained from three conditions,
namely, two boundary conditions and one constraint condition.

3. Conclusion

In many variational problems, the existence of a solution can often be inferred from the
underlying physical or geometric sense of the formulation. However, when solving the
Euler equations with prescribed boundary conditions, it is often the case that only one
extremal function constitutes the valid solution to the problem.
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