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NEW RESULTS ON FIXED POINT THEOREMS IN 2-BANACH
SPACES

JAWAD ETTAYB

Abstract. In this article, we prove a common fixed point result for interpolative
Kannan type contraction mappings in 2-Banach spaces. On the other hand, we
introduce interpolative Dass and Gupta rational type contraction mappings on
2-Banach spaces. In particular, we discuss the existence of a fixed point of such
a mapping in 2-Banach spaces.

1. Introduction

In a 2-Banach space framework, S. Géahler [5] initiated the study of 2-normed
spaces. Recently, A. White [9] initiated and studied the concept of 2-Banach spaces.
For more details on 2-normed spaces and 2-Banach spaces, we refer to see [4] and
[5].

P. K. Harikrishnan and K. T. Ravindran [6] demonstrated that a contraction
mapping has a one fixed point in bounded and closed subsets of a 2-Banach space.
However, M. Kir and H. Kiziltunc [7] demonstrated several results on fixed points
in 2-Banach spaces.

In [2], J. Ettayb introduced the notions of Meir-Keeler contraction mappings
and Ciri¢ contraction mappings on a 2-Banach space. In particular, we discuss the
existence and uniqueness of a fixed point of such mappings in a 2-Banach space.
On the other hand, he defined the concept of Hardy-Rogers contraction mappings
on a 2-Banach space. In particular, he proved the existence and uniqueness of
a fixed point of such a mapping in a 2-Banach space. However, several results
are demonstrated on fixed point theorems of some mappings in 2-Banach spaces.
Recently, J. Ettayb [3] demonstrated a fixed point theorem for generalized weakly
contractive mappings in 2-Banach spaces which is a generalization of a Banach
contraction mapping principle. On the other hand, he introduced interpolative
Boyd-Wong and Matkowski type contractions on 2-Banach spaces. As a result, he
proved the existence and uniqueness of a fixed point of such mappings in 2-Banach
spaces. In the framework of metric spaces, B. K. Dass and S. Gupta [1] obtained

Date: December 19, 2025.
Keywords. Fixed point theorems, mappings, 2-Banach spaces, interpolative rational type
contractions.
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140 JAWAD ETTAYB

an extension of Banach contraction principle through rational expression. On the
other hand, M. Noorwali [8] proved a common fixed point result for interpolative
Kannan contraction mappings.

The fixed point theory played a crucial role in functional analysis. Moreover, it
used in many branches of science such as biology, chemistry, economics, engineering
and computer science.

In this article, we prove a common fixed point result for interpolative Kannan
type contraction mappings in 2-Banach spaces. On the other hand, we introduce in-
terpolative Dass and Gupta rational type contraction mappings on 2-Banach spaces.
In particular, we discuss the existence of a fixed point of such a mapping in 2-Banach
spaces.

2. Preliminaries
We begin with preliminaries:
Definition 2.1 ([5]). Let X be a real vector space with dim X > 2. A 2-norm on
X is a function ||, || : X x X — Ry such that

(i) ||z, y|| = 0 if and only if x and y are linearly dependent.
(i) For all x,y € X, ||z, y|| = ||y, z|.
(iit) For any x,y € X and A € R, || Az, y|| = |A|||lz,y||.
(iv) For each x,y,z € X, |z +y,z| < ||z, z|| + [y, 2.

The pair (X,]|,-||) is called a 2-normed space.
Definition 2.2 (J4]). Let X be a 2-normed space. A sequence {x,} in X is said to

be a Cauchy sequence if lim ||z, — Tpm,y| =0 for any y € X.
m,n—o00

Definition 2.3 ([9]). Let X be a 2-normed space. A sequence {xy} in X converges
in X if there exists an element x € X such that for ally € X, li_>m |zn —z,y|| = 0.
n—0o0

If {xn} converges to x, we write x,, — x as n — oco.

Definition 2.4 ([9]). A 2-normed space in which every Cauchy sequence converges
will be called a 2-Banach space.

Lemma 2.1 ([4]). Let X be a 2-normed space and x € X. If ||x,y|| = 0 for all
y e X, then x = 0.

Definition 2.5 ([6]). Let X be a 2-normed space then the mapping S : X — X is
said to be a contraction if there exists k € (0,1) such that

1Sz — Sy, z|| < kllx -y, z]| (2.1)

forall x,y,z € X.
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Theorem 2.1 ([6]). Let X be a 2-normed space and F be a nonempty closed and
bounded subset of X. Let S : F — F be a contraction, then S has a unique fized
point.

Definition 2.6 ([2]). A mapping S on a 2-normed space X is called a Meir-Keeler
contraction if given € > 0, there exists § > 0 such that for each x,y,z € X,
e<|lz—y,z|| <e+d=|Sx— Sy, z|| <e. (2.2)
Definition 2.7 (|2]). A mapping S on a 2-normed space X is called a Cirié con-
traction if given € > 0, there exists § > 0 such that for each x,y,z € X,
e<|lz—y,z| <e+d=|Sx— Sy, z|| <e. (2.3)

Theorem 2.2 ([2]). Let X be a 2-Banach space and let S be a Meir-Keeler con-
traction on X, then S has a unique fized point in X.

Theorem 2.3 ([2]). Let X be a 2-Banach space and let S be a Cirié contraction
on X, then S has a unique fixed point in X.

Definition 2.8 (|2]). A mapping S on a 2-normed space X is called a Hardy-Rogers
contraction if S is a self-mapping on X satisfying for each x,y,z € X,

Sz — Sy, z|| < allz — Sz, z(| + blly — Sy, z[| + c||lz — Sy, 2|

(2.4)
+elly = Sz, 2| + fllz —y, 2|
where a, b, c,e, f are nonnegative and we put B=a+b+c+e+ f.
Consider the following condition
z#y=|Sz— Sy, 2| <alz— Sz, 2| +blly — Sy, 2[| + cl|z — Sy, 2| 25)

+elly = Sz, 2] + fllz —y, 2]
Theorem 2.4 (|2]). Let X be a 2-normed space and S a self-mapping on X satis-
fying for each x,y,z € X,
1Sz — Sy, z|| < allx — Sz, 2| + blly — Sy, z[| + c||z — Sy, 2|
+elly =Sz, zl| + fllz — v, 2|
where a, b, c,e, f are nonnegative and we put B=a+b+c+e+ f.

(i) If X is complete and B < 1, then S has a unique fized point.
(i) If (2.4) is modified to the condition (2.5 and in this case X is compact, S
is continuous and B =1, then S has a unique fixed point.

(2.6)

Theorem 2.5 (|2]). Let X be a 2-Banach space, a,b,c,e, f be monotonically de-
creasing functions from [0,00) to [0,1) and let the sum of these five functions
be less than 1. Assume that S : X — X satisfies condition with a =
a(|lz =y, z|),--, f = f(lz — vy, z||) for each z,y,z € X. Then S has a unique
fized point.
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Theorem 2.6 ([2]). Let X be a 2-Banach space and S, : X — X, n=1,2,---
satisfy the conditions of Theorem[2.5 with the coefficients a, b, c, e, f. Let Spxn = xy,
and assume that S, — S pointwise on X. Then x = lim,__ o x, s the unique

fized point of S.

Theorem 2.7 ([2]). Let X be a 2-Banach space and Sy, : X — X, n=1,2,--- be
functions with at least one fived point x,,n =1,2,--- . Let S satisfy the hypothesis
of Theorem[2.5 and S, — S uniformly on X. Then x = lim,,—,oc @, is the unique
fixed point of S.

Ettayb [2] established a generalization of Banach’s principle of contraction map-
pings in 2-Banach spaces as follows.

Theorem 2.8 (|2]). Let X be a 2-Banach space and F be a nonempty closed and
bounded subset of X. If S : F — F is a continuous mapping such that S* is a
contraction for some k > 1, then S has a unique fixed point.

3. Main results
We present our main results.

Theorem 3.1. Let X be a 2-Banach space and let S,T be self mappings on X
satisfying for each x € X\ Fiz(S),y € X\Fiz(T) and z € X,

ISz — Ty, z|| < A& — Sz, z||* - ||y — Ty, 2[|'~° (3.1)
where A € [0,1) and o € (0,1), then S and T' have a common fized point.
Proof. Let zy € X and let {z,} be a sequence in X defined by z9,+1 = Sz, and
ZTop+t+2 = Twon41 for each n € Ny. If there exists n € Ny such that z, = z,4+1 = Tn42,
then x, is a common fixed point of S and T, so assume that there does not exist

three consecutive identical terms in the sequence {z,} and that zy # z1. Using
(3.1), we obtain for all z € X,

[Z2n+1 — Tant2, 2[| = [[Sw2n — Txont1, 2|

< AMlzan — 2ons1, 2| - lZ2ns1 — Tonge, 2"
Then

[T2n+1 — Tont2, 2| < A|zan — wont1, 2[|%

Hence

1

|Zont+1 — Tont2, 2| < Ael|zon — Tonta, 2| (3.2)
< A|zon — Tont1, 2]|-

From (3.2, we obtain for all z € X,

|Z2nt1—2ant2; 2| < A|T2n—22n11, 2| < N2||T2n_1—2on, 2|| < -+ < A" |zo—21, 2|
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Then

[Zont1 — Tanya, 2| < A H|lzg — 21, 2] (3:3)
Similarly,

[Z2n+1 — Zon, 2| = [|Sz2n — Txon—1, 2|
< AMlwan — 2241, 2| - 12201 — 220, 217
Then
22041 — T, 2% < A|wan—1 — zon, 2"

Hence

[72n 1 — Tam, 2] < AT 901 — 220, 2]

< AM|lz2n—1 — zan, 2||.

Thus

|Z2n11—22n, 2|| < M|Zon—1—22n, 2|| < N||lzon_2—Ton_1,2|| < - < A2"||wg—21, 2]|.

Then

|Tont1 — Ton, 2|| < )\Z”Ha:o — a1, 2| (3.4)

Using (3.3) and , we obtain

[en = 2nt1, 2| < A™wo — 21, 2] (3.5)

Now, by (3.5) we demonstrate that {z, } is Cauchy. Let m,n > 0 with m > n. Put
m =n + [, hence for any z € X,

[0 — 2m, 2|

IAIA

IN

[E |
[[(zrn — Tny1) + (Tnt1 — Tng2) + -+ (Tppim1 — Top), 2|
|Zn — Znt1, 2| + | Tns1 — T2, 2| + -+ | Tngi—1 — Tngr, 2|
Nlwo =z, 2l + AT lwo — 21, 2l + - - + AT |z — 2, 2
AL X4+ MYz — 2, 2]

\n
1—X

lzo — 21, 2]|.

Letting n, m — oo, we get

lim |z, — zm, 2| = 0.
m,n—00

Hence {z,} is a Cauchy sequence in X. Then {z,} converges to some z € X. Now,
we demonstrate that x € X is a fixed point of S. Hence for each z € X,

1Sz = @ont2, 2| =[Sz = Twania, 2|

< AMlz — Sz, 2||* - [|T2n41 — T2nte, 2|



144 JAWAD ETTAYB

Letting n — oo, we get
|Sz —x,z|]| =0 for each z € X.

Using Lemma [2.1] we obtain Sz = z. Similarly

|2ns1 — T, 2]) = |[Szan — T, 2]
< Mzan = @on41, 2|1 - [l = T, 2|17
Letting n — oo, we get
| Tz —x,z|| =0 for each z € X.
From Lemma [2.] we have © = Tz. Then z = Sz = T'z. O

Theorem 3.2. Let X be a 2-Banach space and let S be a self mapping on X
satisfying for each x,y,z € X,

1+ z -y, 2|
where ki,ko > 0 such that k1 + ko < 1, then S has a unique fized point in X.

15z — Sy, z[| < kallz —y, 2| + k2 (3.6)

Proof. Let xg € X. Define the sequence {x,} in X by x,, = Sx,—1 = S™x( for each
n € N. Putting x = z,,_1 and y = z,, in , we obtain for all z € X,
|20 — Tny1, 2| =[Szt — San, 2|
|Xn—1 — Sxn_1, z||[|zn — Szp, 2|
1+ ||zp—1 — Zn, 2||
[Zn—1 — Zn, 2| |2 — Tnt1, 2]
1+ ||zpn—1 — n, 2]

< killzn—1 — zn, 2| + k2

= killzn-1 —xn, 2|l + ko

< k1H$n—1 — I, ZH + k2||xn — Tn+l, ZH
Then
[0 = @ni1, 2l < M@n—1 — 20, 2]] (3.7)
where A\ = 122' Since A\ = 15—22 < 1, we deduce that the sequence {||x, — zp+1, 2|}

is decreasing. From ({3.7]), we obtain for all z € X,

[#n — @i, 2] < A|en—1 = 2, 2[| < A*[|zo — 21, 2. (3.8)
Letting n — oo in (3.8]), we obtain lim, e ||Tn — Tnt1, 2| = 0 for all z € X. Now,
we demonstrate that {z,} is Cauchy. Let m,n > 0 with m > n. Put m = n + 1,
hence for any z € X,

|Zn — Zm, 2| = |20 — Tt 2|

(@ — Zn+1) + (Tnt1 — Tnt2) + - + (@npi—1 — Tnga), 2|
|20 — Tntt, 2| + |Tn1 — Tna2, 2l + - + |T0ti-1 — Znga, 2]
)\ono — .’L‘l,ZH + )\n+1”$0 — wl,zH 4+ )\n+l*1Hw0 - xl,zH

IN N
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= NA4+A4-+ XYz — 21, 2|
)\n

<
- 1=

lxo — x1, 2]|.

Letting n, m — 0o, we get

lim ||x, — zm, z|| = 0.
m,n—00

Hence {z,} is Cauchy. Then {x,} converges to some x € X'. Now, we demonstrate
that x € X is a fixed point of S. Hence for each z € X,

Hq:n-‘rl - S.T,ZH = stn - SJI,ZH

HJIn — S.’L‘n,ZHHx B S%,ZH

< killzn — 2, 2| + k2 T Jon — 2, 7]
n I

Letting n — o0, we get
|Sz —x,z|]] =0 for each z € X.

By Lemma [2.1] we have Sz = x. Then z is a fixed point of S. Suppose that x; and
x9 are two distinct fixed points of S. From for all z € X,

|x1 — 2, 2| = ||Sz1 — Sxe, 2||
[z1 — Swy, 2|[[|[x2 — Sz, 2||
1+ ||lxr — 2, 2|
|21 — 21, 2||[|w2 — 22, 2||
1+ ||z — x2, 2]

< ki|lwy — a0, 2| + ko

= ki|lz1r — x2, 2| + ko
= ki|lz1 — x2, 2|

which contradicts that k; < 1. Therefore ||z1 — z2, z|| = 0 for all z € X. Then by
Lemma [2.1] it is established that 1 = xo. U

Similarly to the proof of Theorem [3.2] we obtain:

Theorem 3.3. Let X be a 2-Banach space and let S be a self mapping on X
satisfying for each x,y,z € X,

[z = Sy, z|llly — Sz, 2|
L+ [z =y, 2|

1Sz = Sy, 2| < killz =y, 2l + ko (3.9)

where ki, ko > 0 such that k1 + ko < 1, then S has a unique fized point in X.

Now, we introduce an interpolative Dass and Gupta rational type contraction in
a 2-normed space as follows.
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Definition 3.1. A continuous self-mapping S on a 2-normed space X is called an

interpolative Dass and Gupta rational type contraction if there exist A € [0,1) and

a € (0,1) such that

|z — Sz, z||lly — Sy, ||
[z =y, 2|

for each x,y € X\ Fiz(S) with v # y and z € X where Fiz(S) = {u € X : Su=u}.

|5z — Sy, z|| < Al 1% llle =y, 2] (3.10)

Theorem 3.4. Let X be a 2-Banach space and let S be an interpolative Dass and
Gupta rational type contraction on X, then S has a fixed point in X.

Proof. Let g € X. We will set a constructive sequence {z,} by ,, = Sz,,—1 = S™x
for each n € N. Putting x = z,, and y = x,,—1 in (3.10)), we obtain for all z € X,

[#n41 = @n, 2| = [[STn — Szp-1, 2|
|Tr, — ST, 2||||Tn—1 — STn_1, 2||

Al 1 (l — . 2]

|zn — p—1, z||

IN

Mz = znt1, 201 - [lon = za-1, 2l

Then
20 — Tpa1, 2|17 < M|op_1 — 20, 2|17 (3.11)
Hence
|z — Tnt1, 2| < AJzp—1 — zn, 2| (3.12)
Thus, we deduce that the sequence {|x;, — 2n+1,2||} is decreasing. As a result,
there exists M € Ry such that lim, o |2y, — n—1, 2]| = M for all z € X'. We will
indicate that M = 0. Indeed, by (3.12)), we derive that
[0 = Zni1, 2l < Mlzn—1 — 2, 2[| < A*[|lzo — 21, 2] (3.13)
Letting n — oo in (3.13)), we obtain M = 0. Now, we demonstrate that {z,} is
Cauchy. Let m,n > 0 with m > n. Put m = n + [, hence for any z € X,
[zn = 2m, 2| = [lon — Tpia, 2

= |[[(xn — Znt1) + (@ns1 — Tng2) + -+ (Tppi—1 — Tnpr)s 2|

< Hxn — Tn+1, ZH + Hxn—H — Tn+2, ZH +-+ Hxn-i-l—l — T+, ZH
< )\nHl‘o — l’l,ZH + )\n+1||l'0 — :L'l,ZH +---+ )\n+l_1||lli0 — 131,2”
= )\"(1+)\+-~+)\l_1)\|ngx1,z\|

ATL
< 7y llwo — w12l

Letting n, m — oo, we get

lim ||z, — zm, 2| = 0.
m,n—00
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Hence {z,} is Cauchy. Then {z,,} converges to some z € X. Now, we demonstrate
that € X is a fixed point of S. Since S is continuous on X, we obtain

x= lim z,4; = lim Sz, =S5( lim z,)= Sz.
n—>00 n—>o0 n—>a0o0
Consequently z is a fixed point of S. U

We obtain the following theorem.
Theorem 3.5. Let X be a 2-Banach space and let S,T be self mappings on X
satisfying for each x,y € X\ Fiz(S) and z € X,
|z — Sz, z|[|ly — Sy, ||
1+ [l —y, 2]
where X\, € (0,1), then S has a fized point in X.

1Sz — Sy, z|| < Al 1% llle =y, 2] (3.14)

Proof. Let xg € X. We will set a constructive sequence {x,} by z,, = S"x( for each
n € N. Putting x = x,, and y = 2,1 in (3.14)), we obtain for all z € X,

[#n+1 —an, 2] = [[Szn — Szp-1, 2
|20 — S2n, 2||[[Tn—1 — STp_1, 2|

A
[ 1+ ||zn — 2n-1, 2|

1 Mlan = @n1, 2]

IN

Mz — g1, 2] - [[|2n — 201, ZH]lia-

Then
|20 — Tna1, 2|17 < M|@p1 — 20, 2|7 (3.15)
Hence
|z — Tnt1, 2| < A|zp—1 — zn, 2| (3.16)
Thus, we deduce that the sequence {|x,, — Zn41,2||} is decreasing. As a result,
there exists M € Ry such that lim, oo ||2n — 2p—1,2|| = M for all z € X. We will
indicate that M = 0. Indeed, by , we derive that
|z — Tnt1, 2| < A|zp—1 — zn, 2]| < A*||x0 — 21, 2]| (3.17)
Letting n — oo in (3.17)), we obtain M = 0. Now, we demonstrate that {z,} is
Cauchy. Let m,n > 0 with m > n. Put m = n + [, hence for any z € &,
|Zn = @m, 2l = [0 — oy, 2]

[[(#n — Zna1) + (@py1 — Tpy2) + -+ (Tnpim1 — Tngt), 2|

< len = wpg1s 2|+ [Tas1 — Tog2s 2l + -+ [ Tngi-1 — Tny, 2|
< MNlzo — z1, 2| + N |mo — 21, 2] + -+ ATz — 2, 2]
= NA4+A+-+ XYz — 21, 2|

An
< llzo — x1, 2|

1—A
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Letting n, m — oo, we get

lim |z, — 2z, 2| = 0.
m,n—00

Hence {z,} is Cauchy. Then {x,} converges to some x € X. Now, we demonstrate
that € X is a fixed point of S. Hence for each z € X,

[2n = Sn, 2|2 = Sz, 2]

st — Sz, 2|| = ||Sn — Sz, 2| < | 1% Nz -z, 2]

1+ ||zn — x, 2]
Letting n — oo, we get

|Sz —x,2|| =0 for each z € X.
From Lemma [2.7] it follows that Sz = x. Consequently z is a fixed point of S. O

Now, we prove the next theorem:.

Theorem 3.6. Let X be a 2-Banach space and let S, T be self mappings on X

satisfying for each x € X\ Fiz(S),y € X\Fiz(T) and z € X,

|z — Sz, z|[|ly — Ty, 2|
L+ [l —y, 2|

where A\, € (0,1), then S and T have a common fized point.

1Sz =Ty, z|| < A[ 1% llle =y, 2] (3.18)

Proof. Let xg € X. Define a sequence {z,} in X by zon+1 = Sxa, and 9,42 =
Txon+1 for each n € Ny. If there exists n € Ny such that xo, = T2,+1 = Tan42,
then s, is a common fixed point of S and T, so assume that there does not exist
three consecutive identical terms in the sequence {z,} and that zy # z1. Using

(3.18]), we obtain for all z € X,
| Tont1 — Tany2, 2| = ||Swon — T2ont1, 2|
< [||Jf2n — Sxop, ZHH332n+1 —Twony1, Z||]a

-«
Nzor — .
1+ Hx?n — Zop+1, ZH ” 2n 2n+1, H

IN

M|T2n+1 — Tant2, 2)|* - |2an — T2ny1, 2[|1
Then
[ Z2n41 — Tant2, 2|7 < Al @2n — @2na1, 2] 7% (3.19)

Hence

1

| Zont1 — Tonyo, 2|| < AT=a ||z — Zon41, 2] (3.20)
< M|z2n — Ton+1, 2]

From ([3.20]), we obtain for all z € X,

|Z2n41—T2nt2, 2] < M|zan—2ant1, 2|| < N|@2n_1—2on, 2| < --- < A2 |2g—21, 2|

Then
22041 = Z2n42, 2] < XN |zg — 21, 2]]. (3.21)
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Similarly,
|Ton1 — xon, 2| = |[[Swon — Taon—1, 2|
||$2n — Sway, ZHHIL"zn—l —Txo,_1, Z” 1—
A Y Mzop—1 — Ton, 2 @
= [ 1+ Hx2n _x2n—lyzH ] [H 2n—1 21 H]
|z2n — T2n+1, 2||[|[T2n—1 — T2n, 2| 1—
= ) C Nrop—1 — Ton, 2 «.
[ 1+ ||':U2n — CCQn_l,Z” ] [H 2n—1 2n» ||]
Then
|Z2n41 — Ton, 2|17 < A|w2n—1 — z2n, 2|17
Hence
1
H$2n+1 - $2n72H < Al-a szn—l - 33'27172”
< Mxon—1 — Zan, 2|
Thus

|Z2n11—22n, 2|| < M|Zon_1—2n, 2| < N||zon_2—Ton_1,2|| < - < A2"||zg—21, 2]|.
Then

[amsr — am 2]l < X2%|Jzg — 1, 2] (3.22)
Using (3.21)) and (3.22]), we obtain
lxn — Tnt1, 2|| < Ao — 1, 2| (3.23)

Now, by (3.23)) we demonstrate that {z,} is Cauchy. Let m,n > 0 with m > n.
Put m = n + [, hence for any z € X,

[0 = 2m, 2l = |20 — 2ni1, 2|

= |I[(@n = Znt1) + (@ng1 — Tpy2) + -+ (Tppi—1 — Tntr), 2|

< Hl‘n - Tn+1, ZH + Hxn—‘rl - Tn+2, ZH + 4+ ||-77n+l—1 = Tn+i, ZH
< )\nHJIO — 1’1,2’” + )\n+1”l’0 — x1,2|| +---+ )\"H*leo — xl,zH
= N(14+A+-+ N Y|zo — 21, 2|
ATL
< sl -l
Letting n, m — oo, we get
lim |z, — zm, 2| = 0.
m,n— o0

Hence {z,} is Cauchy. Then {x,} converges to some x € X'. Now, we demonstrate

that x € X is a fixed point of S. Hence for each z € X,
152 = Zanta, z[| = [|Sz = T2ni1, 2|

|z — Sz, z||[|z2n 11 — Toni1, 2|

<A
<Al L+ ||z — 22041, 2|

1* - lllz = z2n41, 217
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Letting n — oo, we get
|Sz —x,z]] =0 for each z € X.
By Lemma [2.I] we infer that Sz = 2. Similarly
[@2n41 — Tw, 2]| = ||Swen — Ta, ||
|x2n — Sxap, 2||||lx — Tx, 2||
1+ ||z — zon, 2]

<\

1% llz — @2m, 2[] 7.

Letting n — oo, we get
|t —Tz,z|| =0 foreachze X.
By applying Lemma [2.1] we conclude that x = Tz. Then z = Sz = Tx. U

We finish with the following theorem.

Theorem 3.7. Let X be a 2-Banach space and let S,T be continuous self mappings

on X satisfying for each x € X\ Fiz(S),y € X\Fiz(T) and z € X,

|l — S, 2[l[ly — Ty, ||
[l —y, 2|

where A € [0,1) and o € (0,1), then S and T have a common fized point.

1Sz — Ty, z[| < Al 1% [llz =y, 2|7 (3.24)

Proof. Let xg € X. Define a sequence {z,} in X by zo,+1 = Sx2, and 9,42 =
Txop+1 for each n € Ny. If there exists n € Ny such that xo, = T2,+1 = Tan42,
then o, is a common fixed point of S and T, so assume that there does not exist
three consecutive identical terms in the sequence {z,} and that zy # z1. Using

(3.24)), we obtain for all z € X,
|Tont1 — ony2, 2|l = |[Sz2n — Txon1, 2|
/\[||332n — Sxon, z||||xent1 — Tron1, Z||]a

. _ 1—a
HxZn —xan,ZH ”1'2n %’2n+17z”

IN

Mlz2nt1 = zanta, 2| - |22 — 22041, 21177
Then
22041 = @2nt2, 2| < Alzan — @20, 2| (3.25)
Hence
w21 = amsa, 2l < AR 2 — 22001, 2] (3.26)
< Mlwon = @an41, 2|

From ([3.26)), we obtain for all z € X,
|Z2n41—T2nt2, 2| < M|zon—2ant1, 2|| < N|@2n_1—2on, 2| < --- < AT 2g—21, 2.

Then
22041 = Z2n42, 2| < XN |zg — 21, 2]]. (3.27)
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Similarly,
||$2n+1_$2n72” = ||S$2n—Tl’2n_1,Z||
||-T2n - SxQna ZHH:CQn—l - Tx2n—17 ZH a 1—a
< 2 I 1 - [2n-1 — 22n, 21|
| z2n — zon—1, #||
Ton — Lont1, Z||||T2n—1 — Ton, 2 _
= e B I P (g — a2
n n—1»
Then
|Z2n41 — Ton, 2|17 < A|@2n_1 — zon, 2[|1 7
Hence
1
|Zont1 — Tan, 2| < AT=a||x2n—1 — z2p, 2||
< M|z2n—1 — Ton, 2|
Thus

|Z2n41—T2m, 2|| < M|@2n_1—T2n, 2| < N||T2n_2—Ton_1,2| < --- < XN"|lzo—21, 2.

Then

|Zoni1 — Ton, 2| < XN27||zg — 1, 2. (3.28)
Using (3.27) and (3.28]), we obtain
|zn — Tpt1, 2| < ANz — 21, 2] (3.29)

Now, by (3.29) we demonstrate that {x,} is Cauchy. Let m,n > 0 with m > n.
Put m = n + [, hence for any z € X,

[0 = 2m, 2l = |20 = 2ni1 2|

1[(#n = Tng1) + (Tpy1 — Tpy2) + -+ (Tppi—1 — Tngr), 2|

< Hl'n — Tn+1, ZH + Hxn—‘rl — Tn+2, ZH +oF ||-77n+l—1 = Tn+i, ZH
< )\HHJIO — 1’1,2’” + )\n+1”l’0 — .731,2” + -+ )\"H*leo - .1:1,2:”
= N(1+A+-+ N Y|z — 21, 2|

A
< llwo— 2]l

Letting n, m — oo, we get

lim |z, — zm, 2| = 0.
m,n—00

Hence {z,} is Cauchy. Then {z,,} converges to some z € X. Now, we demonstrate
that x € X is a fixed point of S. Since S and T" are continuous on X', we obtain

x= lim x9,y1 = lim Szg, =S5( lim x9,) = Sz.
n—-aoo n—-aoo n—-oo
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Then Sz = z. Similarly

x= lim x99 = lim Txo,11 =T( lim x9,41)=Tz.
n—-ao0 n——~oo n—oo
Hence x = Txz. Consequently x = Sx = T'x. O
REFERENCES

[1] B. K. Dass, S. Gupta, An ezxtension of Banach contraction principle through rational expres-

ston, Indian Journal of Pure and Applied Mathematics, 6 (1975), 1455-1458.

[2] J. Ettayb, Fized point theorems for some mappings in 2-Banach spaces, Mathematical Anal-

ysis and its Contemporary Applications, Vo. 7, No. 3 (2025), 67-75.

[3] J. Ettayb, On interpolative Boyd-Wong and Matkowski type contractions in 2-Banach spaces,

Eur. J. Math. Appl. Vol. 5 (2025), Article ID 15, 10 pp.

[4] R. W. Freese, Y. J. Cho, Geometry of linear 2-normed spaces, Nova Publishers, Inc., New

York, 2001.

[5] S. Gahler, Lineare 2-Normierte Rdume, Math. Nachr. 28 (1964), 1-43.
[6] P. K. Harikrishnan, K. T. Ravindran, Some Properties of Accretive operators in Linear 2-

Normed Spaces, Int. Math. Forum, Vo. 6 No. 59 (2011), 2941-2947.

[7] M. Kir, H. Kiziltunc, Some New Fized Point Theorems in 2-Normed Spaces, Int. Journal of

Math. Analysis, Vo. 58 No. 7 (2013), 2885-2890.

[8] M. Noorwali, Common fized point for Kannan type contractions via interpolation, J. Math.

Anal. Vo. 9 No. 6 (2018), 92-94.

[9] A. White, 2-Banach spaces, Math. Nachr. 42 (1969), 43-60.

JawaDp ETTAYB

INDEPENDENT RESEARCHER,

HAD SOUALEM,

Morocco.

Email address: jawad.ettayb@gmail.com



	1. Introduction
	2. Preliminaries
	3. Main results
	References

