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Abstract

In this paper we make survey of the following models: Bequest taxation model (due to Farhi, Werning (2014));
Estate taxation model (Stiglitz,1978); A case for progressive estate taxation (Farhi, Werning (2010)) Henry George theorem
and the optimum size of town (Arnott, Stiglitz (1977)); Optimum town (Mirrlees(1972)); A theory of optimal capital
taxation (Piketty, Saez (2012)); A Simpler Theory of Capital Taxation (based on: Saez,Stantcheva, (2016)).The main results
are that: bequest taxation is more progressive as r — g is higher, inheritance taxation reduces inequality but only in a case of
balanced growth, this result does not hold for two class models, the implicit estate tax is strictly negative and increasing in
the parent’s productivity; the more unequal distribution of inherited wealth, the higher the optimal tax rate (taxation of
capital); taxation of capital is progressive with higher the average relative welfare weight on individuals with capital income
higher than 7. Inequality of income distribution (unlike inequality from capital income) is desirable even when individuals
are identical, when because of economies of scale production centers will be created but with the dispersed residence of
workers; in optimum town average costs of the resources equal to marginal resource costs that is Henry George theorem; and
there land rent taxation is optimal too; super optimal town aggregate rent exceeds the expenditures on public goods(implying
that in super optimal town land taxation is not optimal). These results create one system of theoretical results that later
authors may use to prove empirically.

Keywords: bequest taxation; estate taxation, Henry George theorem; land taxation, optimal capital taxation
JEL: H21; H41

1.Introduction

There is substantial controversy in the public debate and among the economists about the proper level of
taxation of inherited wealth, see Piketty, Saez (2013). In the dynastic framework of Chamley (1986) and Judd
(1985), with no stochastic shocks, the optimal inheritance tax is zero in the long run, because a constant
inheritance tax creates a growing distortion on the intertemporal choices. On the other hand, few economists or
better say policy makers would comply with this argument. Nowadays, there is a growing concern with the rise
of wealth inequality and the threat of creation of oligarchies. Namely, Keynes (1920) also emphasizes the role of
"the saving for the sake of savings" in the vast accumulation of capital in the 19th-century Europe: "Europe was
so organized socially and economically as to secure the maximum accumulation of capital. While there was
some continuous improvement in the daily conditions of life of the mass of the population, society was so
framed as to throw a great part of increased income into the control of the class least likely to consume it. The
new rich of the nineteenth century were not brought up to larger expenditures and preferred the power which
investment gave them to the pleasure of immediate consumption™ For the policy makers wealth inequality has
been major economic and social problem. New York times columnist and Nobel prize-winning economist Paul
Krugman (2019) for instance has lamented the problem and expressed his concern:” we are once again living in
an era of extraordinary wealth concentrated in the hands of a few people ... And this concentration of wealth is
growing.” In an interview from 2014 Nobel prize-winning economist Robert Solow explained the danger from
wealth concentration in US: “If that kind of concentration of wealth continues, then we get to be more and more
an oligarchical country, a country that's run from the top”. The bulk or huge amount of bequests are made of
ordinary homes 99%, see Gary-Bobo,Nur(2014). Land and buildings are relatively easy to tax using forms of
capital taxation such as property, estate and inheritance levies. The landlords’ capital income, that is, rents and
imputed rents, are typically taxed. These models include standard Mirrlees (1971) framework where individuals
differ in respect with their productivityé ,survival probability = ,and 8 a weight on the taste for future versus
present consumption. Saez (2002); Banks and Diamond (2010) has argued that individuals with higher earnings
save relatively more, which suggests that high-ability individuals are likely to have a higher taste for savings.
But these characteristics are not directly observable m, 8, 8 instead the observables are gross earning during
working years and consumption during retirement, so the tax administration uses an individual’s inheritance as a
separation mechanism, or a tag, when designing an optimal tax system. The classic paper on tagging is Akerlof
(1978) (this is somewhat beyond our scope here but it shou be included in another research perhaps). So, in this
paper we will review some models on the bequest taxation, estate taxation, land taxation, Henry George theorem
and the optimum town theorem, and in the last section we will survey two papers on capital taxation. The main
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purpose of this paper is to survey these papers and to try to tell that these theories are interlinked, and they may
be altogether proven empirically in the future.

2. Literature review

Piketty (2014), has identified that the gap between the rate of return on capital r and the growth rate of
the economy g is a crucial determinant of the long-run evolution of wealth inequality. Looking towards the
future, he argues that r — g is likely to be high and that wealth is likely to become more concentrated. Piketty
views this scenario as deeply problematic and argues that the only way to prevent its occurrence is to put in
place global progressive wealth and bequest taxes. Some of the papers that are built around this idea include:
Farhi and Werning (2010, 2013;2014); and there is political economy consideration to the problem see: Farhi,
Sleet, Werning and Yeltekin (2012),and the negative inheritance tax argument which presence is approved if
children’s utilities enter in the social welfare, Kaplow(2001). Kotlikoff and Summers (1981) estimate that 70-80
% of private financial wealth in the US is attributable to intergenerational transfers and only 20-30 % to own
life-cycle savings. On the other hand, Modigliani (1988) suggests that these proportions more or less should be
reversed. Modigliani,F.,Brumberg ,R.H. (1954), Modigliani, F. (1966),Modigliani(1976) , Modigliani, F.
(1986), Modigliani(1988) , view states that life cycle wealth accounts for the bulk of wealth (in US). Here key
problem is that the definition of life-cycle vs. inherited wealth is not conceptually clean. Previous Kotlikoff-
Summers controversy consisted in the fact that estimates of the share of inherited wealth in aggregate wealth for
Modgiliani (1986), Modigliani (1988) definition was 20% as low, and for Kotlikoff and Summers (1981) was as
80% high (data were the same). Piketty, T., Postel-Vinay, G., Rosenthal, (2014), give better definition that the
individual wealth is a sum of individual earnings minus expenditures (accrued amount) multiplied by compound
interest rate. Taxation of inheritances is an old problem, and there are arguments in favor and in opposition of
wealth transfers: inheritance taxes are progressive in terms of distributional justice this is a good thing; wealth
transfer taxation can be a complement to the income taxation; inheritance taxes may serve to tax capital gains
that previously were exempted in many countries; see Poterba,Weisbenner (2001). Inheritance taxes also serve
to reduce wealth concentration in the society. On the negative side, wealth taxation as a whole impinges on
property rights, inheritance taxation is also fraught with time consistency problems, see Huber (1996),
inheritance taxation distorts savings decision also; see Johnson, Diamond, Zodrow (1997). By changing the
distribution of wealth, it can affect the growth of capital stock, as well as the functional distribution of income,
see Moon, (1989), Thori (1997). The possible motives for leaving bequest include “altruism”: See Barro (1974);
“joy of giving” Andreoni, (1989), Benhabib et al., (2011), and the “joy of wealth” Zou, Heng-Fu (1995). In the
first Overlapping-generations-Models (OLG) such as that of Diamond (1965), individuals care only about their
own lifetime utility and never leave bequests, empirical economist later on (mentioned in this revue) proved that
this assumption is wrong. Henry George Theorem(HGT) states®: that with identical individuals, in a city of
optimal population size, differential land rents (the aggregate over the city of urban land rent less the
opportunity cost of land in nonurban use) equal expenditure on pure local public goods, see Arnott
(2004).Whether HGT is a useful guide the optimal size of the city is subject to discussion and jury has not been
made yet. Theoretical literature on capital taxation implications for the economic policy would be: “to eliminate
all inheritance taxes, property taxes, corporate profits taxes, and individual taxes on capital income and recoup
the resulting tax revenue loss with higher labor income or consumption or lump-sum taxes”, see Piketty Saez
(2012) Atkinson and Stiglitz®* (1976; 1980) themselves have repeatedly stressed that their famous zero capital
tax result relies upon implausibly strong assumptions (most notably the absence of inheritance and the
separability of preferences), and has little relevance for practical policy discussions. See also Atkinson and
Sandmo (1980) and Stiglitz (1985). Chamley (1986) and Judd (1985) show that the optimal capital income tax
would be zero in the long-run, and that this result holds for two reasons: first, because social welfare is
measured exclusively from the initial period (or dynasty),second textbook model predicts enormous responses
of aggregate capital accumulation to changes in capital tax rates, though this is not supported by the historical
data. Capital-output ratios are relatively stable in the long run, in spite of large variations in tax rates, see
Piketty (2010).

3. Bequest taxation model (due to Farhi, Werning (2014))

%0 Henry George Theorem:” states that in any constrained Pareto optimal (which allows for unalterable distortions)
and nontrivial (neither indeterminate, completely agglomerated, nor completely dispersed) allocation of population
in a spatial economy, the aggregate shadow losses from the increasing returns to scale activities (losses evaluated
at social opportunity costs or shadow prices) just equal the aggregate shadow profits from the decreasing returns to
scale activities”...see Arnott (2004).

31 Atkinson and Stiglitz (1976) show that there is no need to supplement the optimal non-linear labor income tax
with a capital income tax in a life-cycle model if leisure choice is (weakly) separable from consumption choices
and preferences for consumption are homogeneous. If the utility is weakly separable F(x) = F(f1(x1), ..., f™(x™))
and up(cy,..,cx ) and is the same for all individuals then the government should impose only labor tax and
consumption tax and not savings tax.
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A parent of type 0 has preferences (1 — 8)log(cy) + 6 log(c, — e;), where ¢, is consumption of the
parent and ¢, is consumption of the offspring. Taxes (With unrestricted taxes, the most general tax instrument is
a nonlinear tax of bequests, a result similar to Mirrlees (1971)) included give :

equation 1

¢+ B +TB) =11)c; = e; +RB
where T is a nonlinear tax on bequests. At points where T is differentiable, the marginal tax rate on

bequests equals the implicit marginal tax rate on bequests T’ (”(BR#) = 17(0), defined by: (1 +

(@) (1—-6)/c,¢, = R6Oc, . The following definitions will prove useful. We say that an allocation
{co(0),c1(6)} is resource feasible if
equation 2

f (00(9) o+ %) £(6)do <0

An a allocation is IC (incentive compatible if): (1 — 8)log (c,(8) + 0log(c,(8) —e) = (1 —
0)log (co(8) + 81log(c,(8) — e1). We continue with the simple tax approach with linear taxes on bequests
(together with a lump-sum rebate). An allocation can be implemented with a linear tax on bequests if and only if
there exists an income I and an tax rate on bequests T such that : ¢o(0) = (1 —6)I ; c,(6) = ¢, +1L;T01 .

Where If(l - ie) f(6)dO = e,. If there are no political economy frictions. In this case, taxes are decided
in period 0 to maximize a Utilitarian objective. As we will show, in this case, under the unrestricted tax
approach, optimal nonlinear taxes on bequests are equal to zero. This also immediately implies that under the
simple tax approach, optimal linear taxes on bequests are zero. Maximization problem here is:

equation 3

o f (1 — 0)log (co(68) + 8log(c,(8) — e1) £(6)d(6)

st. [ (co(8) — co + L2=2) £(6)d6 < 0 (resource feasibility) and (1 — )log (co(6) + 8 log(c; (6) —
e1) = (1 — 0)log (co(8) + 61log(c,(8) — e,) or IC (incentive compatibility).

Proposition 1. With no political economy friction, the implicit tax on bequests is ©(0) = 0. The optimal
allocation can be implemented with zero taxes on bequests T(B) = 0. This result is driven by a feature of our
preference specification. The marginal utility of income is equalized across parents at any level of income and
interest rate. Indeed, define the indirect utility function

equation 4

VP(I,R;0) = rcnacx(l — 0)log (co(8) + Blog(c,(8) —e;)
0.1

st ¢ +R%(c1 —e) =1; We have VP(I,R;0)=VP(I,R;0),vE (6,6',1). Where R =™ are the
constant rates of return, also children endowment is e; = Ge, . The difference between rate of return on capital
r and the growth rate of this economy is central to this paper: RG~* = e™~97T or r — g.%> We now depart from
the assumption of no political economy friction. Without political economy friction, taxes are set att = 0
when parents make their bequest decisions. There is full commitment, in the sense that any temptation to revise
taxes after bequest decisions are made is automatically resisted. Our political economy friction imposes an
additional restriction on allocations. We call this new restriction the credibility constraint. To avoid trivial
solutions, we assume a reform costs a fraction (1 — e~* ) of the available resources where k > 0, implying
the resource constraint(RC): [ & (8)f(9)d6 < e™® [c,(8)f(6)d6. If a reform takes place that criterion:
Ju(&,(8))f(6)d6 is maximized by a constant consumption level:¢;(6) = e~ [ ¢,(0)f(6)d6. Comparing the
two alternatives, it follows that a reform can be avoided if and only if: [log(c,(6))f(8)d6 =
log( [ ¢,(8)£(6)d6) — k. We start with the simple tax approach. This approach focuses on the dependence of
the overall level of bequest taxes on RG™? :

@) =0-0);c,(0) =e, + ﬁel . Consider first the case where the reform cost « is large enough that the

%2 This is related with dynamic efficiency r > g otherwise this economy is dynamically inefficient. Though not
every equilibrium is inefficient, the efficiency of the equilibrium depends on the Cass-criterion : Feasible path k,
is inefficient if and only if tlim Yt ope < oo, see Cass(1972). In the terminology of Phelps (1961), the capital stock

exceeds the Golden rule level i.e.: % > sf(k)- nk or %>f(k) — c¢-nk ,or f(k) >n+p. Pareto optimal

solution when k* > k¢ (dynamically inefficient economy), can be obtained if the current generation is allowed fast
consumption (capital devouring), while future generation to hold their consumption constant, Mankiw;N.G.
Summers,L. Zeckhauser R.J.(1989). In the economy without public goods and externalities the competitive
equilibrium is Pareto optimal (First fundamental welfare theorem), Arrow (1951) , Debreu (1954).Pareto optimality
i.e. first fundamental theorem works with either finite number of agents, or finite number of time periods.
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the credibility constraint is not binding at the optimum, then the results in Proposition 1 applies and the optimal
tax on bequest is zero. Consider now the interesting case where the reform cost k is low enough that the
credibility constraint is binding at the optimum. Then I and t are entirely pinned down by the resource constraint
and the credibility constraint:

equation 5

1(1-220)f(0)d0 = ey ; [log(I==0 +e,) f(6)d0 = log(I 0 [ Of (6)d6 + e,) — k

These form a system of two equations in two unknowns I and 7. Defining [ = ei , We can then rewrite
0

these conditions as:
equation 6

if(1 —ie)f(e)de =1
flo (ILRG‘liQ + 1)f(9)d9 =1lo (ILRG—lif 0f(0)do +1) — k
& 141 =08 1+t

This formulation makes it clear that the tax rate T depends on the gross rate of return on capital R and the
gross rate of growth of the economy G only through the sufficient statistic RG~2. In fact, the solution is most
easily characterized by first defining the following decreasing transformation of 7 as follows:

equation 7
T

1——
1+t
x(1) =
J(1-1520) @)
As well as constant £ given by : [log(x8 + 1)£(8)d6 = log (% [ 6f(68) + 1) — k. Proposition 2. With
political economy frictions, the credibility constraint binds at the optimum if and only if £ < RG™1. If the
credibility constraint binds at the optimum, then the optimal tax rate t is given by the implicit equation x(t) =

R;‘_l . It is increasing in RG™! .The wealth of children is increasing in RG~1(their wealth consists for the

bequest they receive from m their parents and income they earn). Inequality arises only from the size of the
bequests. The magnitude of these bequests is dependent on the ROC or R, and income of the parents. The
growth rate of the economy G determines how much the income of the children will be higher of the income of
their parents. Temptation or probability to undertake wealth reform increases with RG~* credibility constraint is
tied to higher values of RG ~*.Piketty (2014) hypothesized and theorized that r — g was a crucial determinant of
wealth inequality in the economy. Also, tax rate on bequests must increase as RG ! increases. Now in the case
of unrestricted taxes , We define v(8) to be the utility of a parent of type 0 so that the equation for their utility®
is: v(0) = (1 — 0)log (c,(8) + Olog(c; — e;). Subject to:
equation 8

f [exp (v(é’) -0 lfg_(cg(@) - 61)> 4 61(93?— 61] £(0)d0 < e,

5(6) = log (¢, (0) — ey) - X2 =008l Z &)

[ 108(c.@)r @20 = 10g ([ e, @)f@)a0) - k)
It is convenient to perform the following change of variables: ¢;(0) — e; = Reyé,(0), D(0) = v(0) —
(1 — 08)log(ey) — Olog(Rey),P(0) = v(0) — log(R). We can then write the problem as
max [ 9(0)f(6)d6
s.t.
inequality 1

[exp (=8GO | 4 ()17(6)d6 < 1; 9(6) = EEDTO 4 (9) > 0

flog(RG‘lél(e) + 1)f(8)d8 = log(RG™! f GO)f(6)do+1) —k
Since we back out the implicit marginal tax rate:

equation 9
6 1 9(0) — 01log(¢,(8))
~ exp -1
1-0¢,(6) 1-6
0 is a probability type of parent distributed f(8). This formulation shows that just as in the simple tax
case, R and G influence the optimal tax rate on bequests only through the sufficient statistic RG~1. This is an
optimal control problem with an integral control constraint. Let y > 0 be the multiplier on the resource

;61(0) =20

7(0) =

33 Weil (1987) , also argues that dynamic efficiency is necessary condition for the RET (Ricardian equivalence)
theorem of Barro (1974) to hold.
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constraint, v > 0 the multiplier on the credibility constraint, and p(8) the co-state3 for v(@). Assuming that
there is no bunching on an interval around 0, the first-order conditions are:
equation 10

0= 0 1 9(0) — 01log(¢,(0)) L 1O @ 1 1
“Y1T-ge,00) P 1-6 4 f(9)1—9c1(9)
1
RG-1¢,(0)+1 [RGT cl(H)f(B)dH + 1]
o 1 0(0) — 010g(£,(6))
M(H)——f(9)+y1_ge><p( ) f©)
u(@)=wn@ =0
Proposition 3. Assume that the reform cost k is low enough that the credibility constraint binds at the

optimum. If there is no bunching on an interval around 6. The optimal marginal tax rate on bequests is given by
the following formula

equation 11
0 1 1 1 1
T(9)=—”() 1 Ve _ N
yf@1-06(0) vy [RG-1¢,(6)f(0)dO +1 RG™¢,(0) +1
where u(8) = (@) = 0. If there is no bunching at the extremes, then 7(8) < 0 < 7(6).

+vRG™? [

4. Estate taxation model (Stiglitz,1978)

Stiglitz, (1978) argues that estate tax may not increase equality of income due to reduction of savings and
capital accumulation that in the long run will to lower K/L , and if ¢ < 1 this will lead to an increase in the
share of capital®.And the rationale is that since income from capital is more unequally distributed than is labor
income, the increase in the proportion of income accruing from capital may increase overall inequality. Function
of bequest is : B =sY(t) —a+ B(t — 1), s —marginal savings rate; a > 0 — intercept of the consumption
function; Y; = w;L; + rC; -lifetime consumption function, ; C;-is the amount of inherited capital of the family;
r-is the interest rate, L;-number of family members that are wage earners, n-rate of the increase of the family
size, y;-per capita income in the family, c; -capital per capita in the family, dynamic of capital accumulation in

the family is ¢; = sw; — a + (sr — n)c;. In equilibrium : ¢, = S:L 2 .CV or coefficient of variation of wealth
/)2 2,2
is: y2 = E(nga = (sj_vi‘;’)z . o2 is the wage variance; w- is the average wage in the household. If a = 0;y, =
Yw dispersion of wages and capital is identical and if a > 0;y. > y,, capital is more equally distributed than the
wages. If p; is the proportion in the i-th group then: k =¢ = ¥pic; =>— y; = w; +r¢; = —+——and
w2 _ Mt gk _(n v-a) V.2 _ 2.  _ o . . "
SOy = eyt (n T) [Sw_a a] Yo =Yw;a=0; ?c is the labor share .Now with the imposition
of the bequest tax 7 : ¢, = (sw—a+srci +stk)—(n+1t)c;; k=sw—a+s(r+1)k—(n+1)k.On the
lond run:c: = swi—a+stk k = Sw—a+stk
9 G = n+t-sr '~ n-sr+t(1-s)
equation 12
— = —_— v = — . £ r.ogn . ﬂ _ (1-s)k _ (1-s)k?
kin+t(1=-9)]=sylk)—a;y=w+rk=fk);f' >0;f"<0; a5 mEINE =

52 WZ .y2

CV or coefficient of variation of capital and wages with taxation of bequests : y2? = ——*—
(s w—a+stk)?
a1 1

—(— — 5), t* - minimizes wealth inequality w is the value of w at t = 0. Now the coefficient of variation of

S \w

wealth increases or decreases 2
equation 13
are 5 o sl o el _k_aooe [+ (Eo 2 ] x( e[
- . = 1——?_,—T+ — - )= = - T - - -
dt dart drt w sw—a Lw w sw/ w w n+t(1-s)—sr
(Tk — ;) f_cr]) >0
¥ Function of time rather than constants. Or perhaps 7 (t) = —g—g.

K

B 5= dl"(?)

= =
ain(zE)

o-1 a—

1710
Yie = F(Kie, Lie, T, TE) = Yo [nm( A1)+ -mo) () ] see Muck (2017).

where F, = g—i and Fy = Z—IF( .This comes from normalized CES production function in the form of:

og-1
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[t(1—- a)a]+(1l)
S

Elasticity of substitutionis o = —f'(f — kf")/ff"k or r < ( Ty,
sfa)t1-s

and Yi =W, =T7C¢; =

_ 2
W , where:y? = W SV =712 [ﬁ] Taxes on bequest increase equality
if following holds:
equation 14
{[sr(l —a)] ar }
[(m+1Da] [wh+1)]
[sn(l ] 1
1 l—a 1-s7a 1 a
(n + 1)? n—sr+t(l—-s) «a n+r[k+(1 a>(ST k)]>0
) ) dy {[sr(l a)] ar }
If s changes for k to remain constant then folowng applies: —* = — W S Oand:
equation 15
d {[sr(l —a)] ar }
[n+Da] W+l _ns(l-a) ar 7(1-a) ds
dry T (n+102a wh+1)? (n+ Dadry

So the balanced growth effects with k constant, mean that inheritance taxation does reduce inequality.
But if the model is two-class model with income distribution the result on bequest taxes is somehwat different
from previous. Capitalists save more s, than workers s,, s. > s,,, and differential equations for their capital

are: k, = s;rk, — (n+ Dk, ; ky, = s,(w+rk,, +kt) — (n+1)k,, ., steady-state interest rate is :r =

equation 16

SwScT |, Swa

+
[SWT—(n-I-T)]kTW-}-Swar +SW_L_:(s_w_1)(n+T)kTW+SWa(n+T)+SWT_O ;k_wz(nn 1—u) ;

1-a Sc¢ sc(1-a) k Sc—Sw

dky,

x  _ (o-1 ) Sw
dtjr=o (1—a + e n(sc—sw) <0

If 0<1-—(1-a)s., for low values of the elasticity of substitution proportion of the capital in
ownership of workers will decrease as a result of the taxation of bequest, but the capitalist share will increase.

equation 17
r(k —k,) k.,
k) -fe-)
= -1
inequality 2
d{l_a [([‘Eliz'l;gssy—ssi])] Sz‘fsaw}l — [_ I dk (1 a)sw] [(1 _ ) _ ] (1-a)s¢ >0: <1-—
dt 7=0 @ dar (sc—sw) . Sw (Sc=Sw)n ' 0 Sw

f is the per capita production function. Bequest function B(w,c) is monotinicaly increasing B, =
0, B, = 0 but marginal propensity for bequest as the capital increases or as wages increase is leethan 1 i.e B, <
1;B, < 1. Now, consumption function si given as: C = w + ¢ — B(w, c). Household wealth accumulation
follows:

equation 18
¢ = B(Wpax-C) — c - nc; W = Wax; € = Cmax; C =W — ¢ < Wpax;
ﬁ—l—B >O —1—BC>0 C(w,c) < C(Wmax> Cmax)

More capable |nd|V|duaI5 save more (spend less) from their incomes,i.e. the income that they will
consume if the bequests were not permitted. Less capapble individuals spend their incomes if the inheritances
are not allowed.

5.A case for progressive estate taxation (Farhi, Werning (2010))

This is a model with altruistic parents and heterogenous productivity. The authors first propose
progressive estate tax, so that altruistic parents leaving higher bequest face lower net return on bequests.Second,
marginal tax rate should be negative so that all parents face a marginal subsidy on bequests. If one takes the
expected utility for parents as the social welfare objective, then Atkinson ; Stiglitz’s (1976) uniform taxation
result applies®. In this economy at the beginning of period ¢ = 0, parents first learn their productivity 8,, and

% This implies that parents’ intertemporal utility choice should not be distorted. When no direct weight is placed on
the welfare of children, labor income should be taxed non-linearly, but bequests should remain untaxed.
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then produce n, efficiency units of labor. This requires? units of work effort. The utility of a parent with
0

productivity 6, is given by he following :
equation 19
ny(0y)
v0(80) = u(co(6o)) - h( e ) + Bv1(8,)
0
With g < 1 ; childs utility is v;(68,) = u(c,(6,) , u(c) is increasing and concave, differentiable and
satisfies Inada conditions, u’'(0) = oo;u'(0) = 0; the disutility function h(n) is increasing , convex

differentiable.So now, v4(8) = u(cy) + Bulc;) — h (%). There is endowment e, in the period t = 0; and
0

endowment of e, in the period t = 1 .Goods are transferred between periods t = 0;t = 1 with a linear savings
technology with ROR R > 0 .An allocation is resource feasible if :
inequality 3

+0o0 [e9) +oo
K + f co(60)dF (6y) < ey + f no(00)dF (6,) ; f c1(00)dF(6,) < e; + RK;
0 0 0

where in previous K; is capital. Resource constraint is given as: f0+°° co(00)dF(6,) +
%fom c1(6,)dF(6,) < e, + %el + [ n0(80)dF (8,) . An allocation is IC (incentive compatible) and truthfully

revelational if: u(co(6y)) + Bu(c1(8y)) — h (%) > u(co(8g)) + pu(c,(8'9)) — h (%9"’)),\7’00; 6;. Two
0 0
utilitarian welfare measures are:Vy = [° vo(6,) dF (8o) ; Vi = [ v1(8,) dF (6y); and V, = ["(u (CO(BU) -

h(y (Z—°)> dF(8,) + BVy.Implicit estate tax rate is defined as:
0

equation 20

(14 7(0)u'(co(8y)) = BRU (c1(6,))

Implicit inheritance tax £(6,) is:

equation 21
u'(Co(go)) = ﬁR(l _Af(eo))u'(Q(go))
Where tax wedges: £(8,) = % and 7(6,) = %(‘(’;0) .The Euler equation u’(c,) = BRu’(c;) implies

-0 1
that dynastic consumption is smoothed. If the utility function is CRRA u(c) = % or ¢;(8y) = (BR)ocy(6,),

or equivalently logc,(6,) — logcy(8,) = ilog(BR) . Proposition 4.Suppose V; > V;* and that the optimal

allocation has strictly positive consumption. The implicit estate tax is strictly negative and increasing in the
parent’s productivity 6 i.e. looks like this:
equation 22

v
7(6,) = _leu’(‘h(eo))
Implicit inheritance tax £(8,) is:

equation 23
7(6,) 1v
T(0y) =———==——= — u'(ce(6y)
V= Tratgy - pa (0@
u is a multiplier and comes from the Lagrangian:
equation 24

£ = [ oo + vosCoar e —u [ |aucon + 25

One perturbation to be considered is:c§(8,) = co(8,) + & and now u(c§(8,)) + Bu(c,(6,)). FOC or
partial derivative Z—‘i = 0 which yields:
equation 25

— Ny (90)] ar(6,)

BR _ 1 R v
u'(co(go)) u'(C1(90)) u
Or by rearranging previous we get : u'(c,(6,)) = SR (1 - %Eu'(co(%))) u'(¢;(8,)) - An allocation is

said to be implemented by a non-linear labor income tax T (n,) and estate tax TP (b) if, for all 6,
(c0(80); c1(6y); no(6y)) solves for the following or maximizes the following:
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inequality 4

max (u(co) + Bu(c,)) — h (@)>

Co,C1.M0 90
st. co+b<ey+ny+TP(b)—T"(ng),c; <e; +Rb .Now FOC gives: (1+T"°(b))u'(co)

BRu'(c,), and by using budget constraint: ¢; = e; + Rb , we obtain now:
equation 26

’ v
TP (b) = —Rﬁu’(e1 + Rb)

It is also possible to implement inheritance taxes paid by the child, and this tax allocation is
implementable by  non-inear income and inheritance taxes TY(n,) and TP(Rb) if

(co(80); ¢c1(68y); ng(8,))maximizes the utility for a parent with productivity 6, : max <u(c0) + Bu(c;) —
Cp,C1,Ng

h (?)) st. co+b<ey+ny+T"(ng),c; <e +Rb—TP(Rb) .FOC now is: u'(ce(6,)) = BR (1 -

0

%T’(Rb)) u'(cy). Now the differential tax equation is :

equation 27

T?'(Rb) v .
———————=—-R—u'(e; + Rb—TP(Rb

With any arbitrary value T?(0) .With this inheritance tax the budget set of affordable c,,c;,ng is
identical to the one with proposed estate tax implementation. Another implementation might be with non-linear
income tax and a regressive consumption tax T¢(c,) in the second period. Extension of estate tax with the

welfare functions is given as:
equation 28

7(0p) = _RZWf (u(c1(90))) u’(c1(‘90))

Where W,(v) = v and W, (v) = v ; otherwise: for parents W, = fom Wy(v,(8,),6,) dF(6,) and for
children W, = f0°° Wl(l(eo)) dF(6,). Since W is increasing and concave it follows that 7(68,) is negative and
increasing with 6 so the estate tax is negative and progressive. For a given 5 more concave welfare functions
imply more progressive tax schedules. In most countries’ debt is not inheritable so now we won’t impose debt

constraints. And the welfare criterion is Rawlsian instead of utilitarian. With Rawlsian welfare criterion, the
planning problem W, maximizes subject to RC and IC. Resource constraint is given as: f0+°° co(60)dF (6,) +

%fom c1(00)dF(6,y) < e, + %el + fow ny(0,)dF(6,) . An allocation is IC (incentive compatible) and truthfully

revelational  if: u(co(60)) + fu(c1(60)) — h (*222) = u(eo(8)) + Bu(ex (60)) — h (@) ,V6,; 05 Also
another restriction to the previous problem is 1w, (6,) = uy; V8, ; u, parametrizes min.utility level for children,
and consumption level ¢; = u‘l(gl).And now the tax rate for 8, < 8, and ¢, (6,) = ¢; we have:
equation 29
u'(a)

(0y) = ﬁRm— 1

Since ¢,(6,) is non-decreasing and positive it follows that 7(6,) is non-decreasing and negative.
Borrowing constraints with the agents of type 6, are: co + b < ey + ng + T¥(ny), ¢; < e; + Rb — T .Under
these conditions children pay lump-sum taxes :T = e; — ¢, so when b = 0 they consume ¢, . Proposition 4.
Suppose now that the welfare function for the children’s generation is Rawlsian. Then the optimal allocation can
be implemented with an income tax for parents, 7%, a lump-sum tax for the child, 7.”, and a no-debt constraint,
b > 0.The Rawlsian case and no-debt constraint are limits of a:lim lim Wy, (u;) = 0; lim lim W/, (w,) =

k—oouqlug ’ k—oouqTuy ’

0; where W/, are differentiable welfare functions. Now in the model educational subsidies are
introduced®”.Now let x are investments, and H (x) is the acquired human capital where H is concave increasing
and differentiable with Inada conditions H'(0) = o and H'(o0) = 0 . RC constraint (resource constraint) now
becomes:

7 In this model parents previously made bequests as the only type of intergenerational transfers, but educational
investments that parents do for their children are also an important part of giving by parents.
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equation 30
@ c1(8y) e @ H(x(6,)
f (co(tm + ) dF (6,) < e+ + f (no(60))) + (T) — x(80))dF (6)
0 0

Preferences here are: v,(8) = u(co(6,)) — h (%:O)) + Bvy(8y), v1(6,) = U (c1 (90),H(x(90))).The
formula for the implicit estate tax is unafected:
7(6y) = —R Z Ue, (C1 (60), H(Ho))
So now three taxes are implemented: a non-linear income tax schedule T”, a non-linear estate tax T? and
non-linear human capital tax T* .The parent maximizes : u(cy) — h (Z—;’) +BU(c, HX)); st.co+b+x <
eo+ny + TY(ng) — TP(b) — T*(x),c; < e; + Rb— H(x). Now required equalizing between marginal tax

rates on estate and marginal tax rates on human capital gives the following:
equation 31

T (x(60))) = T*' (Cl(e) —— H(x(e))) =7(6)

This model Farhi, Werning (2010), augment to introduce fertility also. Preferences in this model now are
as in Becker,Barro (1988).In this model m is the variable for the number of children in the household,joint
distribution of fertility ad productivity is F(6,, m) ,utility of the parent (8,, m) is given as:u(c,) — h (?) +

0

hIy [S’mu(cl_j) , Wwhere pB,, is the altruism factor. The welfare measures are : V, =
fo Vo(00, M)AF (0y,m) ; : V= fo v,(8y, m)mdF (8, m) with  v,(8y) = u(ce(Bp; m)) +
mBmu(c1(8; M) — h(ne(By) = 6); v1(80; m) = u(cy(8y; m)).Resource constraint (RC) is given as:
[ 0 (80, m) + m(/a + %cl(eo, m)) dF(6,,m) <e, + %el + [, 1o(80, m)dF (85, m); IC (constraints) are :

0
u(co(Go,m)) + mﬁmu(cl(eo,m)) —h (%Z’m)) > u(CO(G(’),m)) + mﬁmu(cl(G’o,m )) -

h (@) ,V0,; 65 .The implicit tax rate is given as folowing:
0
equation 32
v
7(6,,m) = —R;u'(cl, (65,m))

Now the model with endogenous fertility choice such as in Becker,Barro (1988) had been implemented,
the difference between exogenous fertility model and endogenous fertility model is the IC constraint that in
endogenous fertility model becomes:

inequality 5

u(Co(eo)) + m(eo)ﬂm(eo)u(ﬁ (90)) - h(

n(6o)
6o
! ! ! n (9’) !
= u(co(eo)) + m(%)ﬁmeéu(q(@ 0 )) - h( 09 0 ):VQOJ 0y
0
Marginal tax rates in this model should be negative and progressive. This requires additional constraints
such asiu’(co, (8p)) < BRU'(c1(6,)); VB,. Implicit marginal estate tax rate becomes:
equation 33

7(6,) B 1v
T(QO) = maX{O, —E;u (CO, 90)}

Now if K goods are invested in t = 0,then G(K;) goods are available int = 1,where G is concave and
twice differentiable. Resource constraint now will be:

inequality 6
f co(00)dF(0p) <e; +G <eo + J. ny(60)dF (6,) — f co(Bo)dF (6,) )
0 0 0

Where in previous :K; = e + [" n9(8)dF (8o) — [,” co(8)dF (8) =0 ; it is imposed R = G'(K;) .,
now letting ¢ (8,)dF (6,) be the multiplier of inequality, FOC now implies altogether with strictly positive
consumption:

equation 34

[ee) [oe]

7(6) _ lv | G"(K,) $(6,)
T5200 0~ max {0, _Fl_lu (co,00) — B ) IO dF(HO)}

Where R = G"(K,) are the pre-tax returns. When one parent lowers bequests that in turn lowers
aggregate capital K; which raises the pretax return R = G'(K;) , this effect is present when G"(K;) <0 . Ina
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Mirrleesian framework with infinite horizon an individual born in period t has ex-ante welfare v, which is
equal to:
equation 35

vy = B, 1[u(ct) h( )+th+1] Z/} E,_ 1[u(ct+s) h(nt+s)]

Bts

B < 1 is the altruism coefficient, and that utility functlon satisfy Inada conditions namely: u'(0) =
oo;u'(0) = 0;h'(0) = 0,h'(n) = o where n is the upper bound on work effort, h is a disutility function. In

ths economy aggregate consumption and employment are described as follows: C, = f Yot cl (890 dy (v)
and N, = [ Ypen? (01 (8Y)dy(v) . The idea is to devise a tax policy that induces all agents to be truthful and to

bequeath b, = K. And following Kocherlakota (2005) Farhi and Werning (2010) set the linear tax on inherited
wealth:

equation 36
1 w(cr. (6" D)
BRe—1: w'(cP(6Y))

The average inheritance tax is :7,(v.) = —ﬂiu’(ct_l(vt)).ln the Atkeson-Lucas(1992) framework
t—-1

e =1-

when V = V*; future generations are taken into account only through the altruism of first generation, where

E(|n(%
welfare associated with misery V* = (u(0)) — (Ef(;”).

6. Henry George theorem and the optimum size of town (Arnott, Stiglitz (1977))

Now, with the money raised from the land taxes public goods can be financed in some town that ought to
have optimal size. That is famous Henry George theorem. Henry George had famously advocated for the
replacement of all other taxes with a land value tax, arguing that as the location value of land was improved by
public works, its economic rent was the most logical source of public revenue. Or as Arnott, Stiglitz (1977)
define somewhat:...”in a simple spatial economy, where the spatial concentration of economic activity is due
to a pure local public good and where population size is optimal, aggregate land rents equal expenditure on the
pure public good..”. This result has been dubbed HGT or Henry George theorem. Since “.... a confiscatory tax
on land rents is not only efficient, it is also the "single tax" necessary to finance the pure public good”. Shortly
will follow the basic setup of the model that includes:

equation 37

R'(t) = —f'(t); ALR = [ R(O)2mtdt; ATC = [, f(t)2mtdt

Where t is the distance to the towns center ; R(t) is the rent per unit of land, f(t) are the transport costs
to the center of the town, as we move away form the center dt -lot rent is decreased —R(t)dt , costs are
transport costs growth; f'(t)dt. By integration and substitution we get:

equation 38

t* t*
f —R'mt2dt + R(t*)mt*> :f f'mt?dt + R(t")mt*2
0 0

First part is differential rent DLR investor that builds on better land has higher rent

equation 39

DLR = %ATC f't = f,vt

Population of the town with radius t* s N(t )= nt*ztransport costs per unit land e are: ATC =

ef t(Znt)dt = t*3and ATC = sz where k = —ert “2. Resources are proportional to population Z = IN,
cost of resources are P, per capita consumption of public good C where:C = I — % ——andC=1= sz ——

; Where P = EkNE and P = EATC = DLR Public expenditures are % transport costs that equal dlfferentlal
rent,RC = AE + P + ATC .Resource costs RC are equal to aggregate expenditures +pubic good costs +average
transport costs ATC .Average resource costs RC are equal to: RC = C + % + % .Marginal resource costs are

equal to MRC = C + f(t*). If everybody has equal size lots and no land-scarcity each resident land rent and
transport costs are equal for all residents f(t*) and are:

equation 40

f&) =55+ 55 MRC = € + 25 4+ 22

N
In a town W|th sub -optimal populatlon public goods expenditures exceeds aggregate land rent, while in

town with super optimal size is vice versaP = ALR; N S N*.When there is no land scarcity and with identical
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individuals U(C, T, P) , where C is a consumption of public good, T is land consumption, P —is a expenditure
on public good equal to the supply of public good. And, U(t) = (C(t), T (t), P) is the utility for the individuals
with distance t from the center. Here we want to maximize:
inequality 7
wuwm)
| v
Where W is a social welfare function, ¢(t)dt is the area of the residential land form the center to t — dt
¢ (t)-is the shape of the town, ¢(t) = 2mt means that the town is circle, ¢ (t) = w means that the town is
linear. All individuals are located somewhere and all lad is used:

equation 41
t* () £ fFO+C)
N o 4t = N;J, o ———¢()dt + P = NI

I-are the per capita resources. This can be expressed as standard Pontryagin problem, the Lagrangean of
which is:
equation 42

() )—Q( tM¢(t)dt+P—NI)

_(fw(®) o)
L_fo NGO q,’)(t)dt+/1<0 T(t)dt 0]

Hamiltonian is given as: H = [““©2 4 3 = a(f + ¢)| £ ; marginal utility for all individuals is :2= =

(WNUC - Q)% = 0. Marginal social utility of allocating more land on individuals by the given distance from the

town center must be equal to marginal costs :
equation 43
wu
[ ()+A—Q(f+C)]+ =0
Condition for optimal supply of public goods says that the marginal rate of substitution of public and

private goods must be equal to the marginal rate of transformation:
equation 44

Now about the optimal size of the town I must be that marglnal social benefit from the population
growth (from the in creasing availability of resources); must be equal to the marginal social costs (costs of
private goods +transport cost for the marginal individual+ plus the crowding costs imposed by the marginal

oL f WUP
0

individual)
equation 45
oL _  t"W() _ _ t* UT
=) w ddt—2A+0QI=0; P = Js ¢)dt

Proof of the HGT: Now when the land is scarce; the average population density is % and we have that

fot ¢dt = nN ; Lagrange multiplier is :
equation 46
9L _ p(t") W) o
e | HATU 0|~k =0
(W’UT)t* _ (%

N

Where u =

m ) ; Q-e is the social marginal benefit of the private good; and P =
C7/¢*

ft Ir ¢dt ( "JIT) . Now about the generality of the HGT we have: gradient of the relative population is
C/¢*

D(t); fo D(t)p(t)dt = 1, where ¢(t) represents towns shape, resource costs per capita are: %(fot*(c +
fINDgdt + P) . Planers problem is :
inequality 8
1 t
minﬁ(f (C+ fINDgdt + P)
0

st. U(6(t)) = U(t) , FOC gives: fot Z—;D¢dt - Niz = 0 .Requirement for the utility on any available

location not to be changed by the population change is:
equation 47

dc dr _ ) _1_dT_d(ﬁ)_ ruT
UCE-FUTE_O'VT’T_E’E_W__W Ef (C+f)ND¢dt+ f (i)dt
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Average costs are given as: %fot (C + f)NDgydt + %; and in the optimum average costs of the resources
equal to marginal resource costs that is Henry George theorem m

Resource costs are given as:RC = %fot*(c* + f)NDydt + R fot ¢dt + P) where P = DLR with optimal

population instead P = ALR .In the towns with non-optimal size: RC = fot*(C + f)NDydt + ; where ﬂ >0

means that population is super optimal. And :

equation 48
dRC _ f “dc ac e P
dN ), an"®" N2
inequality 9
@>0=>N>N*<=ALR>P ,ﬂ<o<:>N<N*(:>ALR<P
In a super optimal town aggregate rent exceeds the expenditures on public goods:
equation 49
(% +fN) Dydt =5 =0 ; [} tEgde + [ (fuN)NDydt =

Where fo (fNN)Nqudt-ls the ACE or aggregate congestion externality it is the sum that will be raised in
revenues from taxes if optimal tax rate is levied on the congestions.

inequality 10

DLR+ACE=P—->N=N"; DLR+ACE>P & N >N*,DLR+ ACE<P © N <N*

Indirect utility is V = V((1 + )R, Y, P) where:Y-is net income from transport costs, P — is the level of

public services, differences in public goods are infinitesimal dV =V, (= T(1+t)dR + (?) dP). Where ? is
2 _ 2

the marginal benefit of the individual from public good in monetary terms: V(R(t) I—f(t) A) = U, I-is the
gross income; A-amenities (local amenities) A + dA in another municipality Z—i ; SO now the aggregate

V T
land rent is :

equation 50

"

ALR = f ROG®E; V(R — f(t°),A) = T

0
Where following applies: 2% = N O p(ydt +RE)p(t" )d—t LR ) =8
equation 51
dALR t* dR(t) dDLR t* Vs ¢
d_A_f td)()d fO V3Tdt

Now about the different flscal packages. Pure public good is obtained at constant costs and financed by
means of rent tax where V(R(t)(1 + 1),1 — f(t), P) = U.Balanced budget requires: TALR = P.

equation 52
2l = N f‘;’dt—l ,fot V3¢dt >=<1
Where V( 1+7)+R ) +V;=0; ALR +7 dA}L)R = 1 and by further simplification:
equation 53
dALR (" dR
~aa ), ap P
dR
= ; E(f)dt
_ ff*_ /) i ft* R, Edt _ ff* Vi e ALR ( 1z dALR)
o Vi(1+71) o 1+7tdP o Vo(1+10)T 1+ 1t\ALR ALR dP
Vi
= f =1
VIR +1),I—f(t),eE) =U
Where TALR =P ; df% =F ff%%dt , Where E are the public goods expenditures, and P = eE
expenditures per unit land for supplying publzic goods. About the different individual rules:

equation 54

V(B) = c(R@®),1— f(®)) + Bg(A)
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Where B is the increasing valuation of amenities of public good A , and population is continuously

distributed through g . Individual by g = £ is indifferent whether he/she will live in a town with better or worse
public goods. And these apply :

equation 55
drR(t) _ _ By’ _ drR(t) _ Bg' . dALR _ ot'Bg’ ¢ ﬁ(t)g )
da () vy =0T dA ~ vT(t)' dA 0 qubdt f dt

Optimal population is where resource costs I equal marginal costs of the resources: [ =C + f(t) +
R(t)T . Next theory of optimum town by Mirrlees (1972) will be explained.

7. Optimum town (Mirrlees(1972))

Utility function here is: [ u(c, a,7) f (r)dr, where u — is the utility function; a is the area occupied with
livig space, r is the distance to work, f(r) is the population density of the distance r from the town center, c is
the consumption. From previous a(r)f(r) = 1 ,where [ rf(r)dr = N is the town population, [ ¢(r)f(r)dr =
Y is the output. Limits is [0,7] . Maximum welfare is given as:

equation 56

W(Y,N) = maxfu(c(r),a(r), r)rf(rr)dr
Effect from adding additional unit of consumption to the town is :Wy = u.(c(r), a(r),r), f(r) > 0 and the
effect of adding additional person to the town is: Wy = u(c(r).a(r),r) — c(r)u. — a(r)u,. Here is will be

defined that : A = Wy; u = Wy; u. = A .Now we are supposing that: ¢ = c¢(r);a = a(r); 0 < r < r;and
u(c(0),0,0) < Ac(0) + p. And that :

inequality 11
ng >0
u(c,00,r) < Ac+u
Ve>0r>n
equation 57

no + J Sl = N; nc(0) + [t e(r) = =y
Then the aIIocatlon is defined c(-); a(: ) is optimal and the number of people n, concentrated around r =
0 is optimal. We are supposing that a’ = 0 around » = 0 .Now we have about the population one inequality :
inequality 12
no[u(c(0),0,0) — Ac(0) — pu] = n'o[u(c’(0),0,0) — Ac'(0) — ]
u—lc—u>u’—/1’c—u

= - ;0<r<1
a Y a
u —2Ac—
0= Tﬂ,r >1r
Utility is constrained such that:
inequality 13
u(c'(0),0,0) — A¢'(0) < u(c(0),0,0) — Ac(0) < w;
U <u+tu(c —c)+u(a" —a)=pu+Ac’ +uyd

ngu(c(0),0,0) + ”r(d)r

(u—Ac—w
a=T o
u <u(c'(r),o,r) —Ac'(r)+u
rdr
nou(c(0),0,0) +f o) ) — AY — uN = n'yu(c'(0),0,0) +fu’m —AY' — uN
4 dc+ da_ da+ d +/1dc
U T Ue g Tlhag, T Halgy, T 4 Ya

uT
ar'e T a
Euc =0
da —Uge U,
E B UgqUec — u¢216 (uar B z)
M < Ugr Ugq a ur

— %% — _og

uw, u, u, O0a Ug

70



I'OUIIEH 350PHUK HA YEARBOOK OF
OAKVYIJITET 3A TYPU3AM FACULTY OF TOURISM
W BU3HUC JIOTUCTUKA AND BUSINESS LOGISTICS

m-is the distribution of incomes, p — is the rent function, p(r) is the price of land at distance r
,maximization problem is: max (c, a,r) s.t. ¢ + p(r)a < m where PDE,, = [ g(g(m)dm . Consumer satisfies:
inequality 14
u, = up(),u, =ucap'(r); plr) = Z—‘g; m=c*(r)+a*Mp@); c+ap(s) < c*(r) + a*(r)p)
u(c,a,s) < (c(s),a(s),s) + ug(s)e — c* ()] + ug(s)la — a*(s)]
=u+Ac+u;(s)a,
=u+Ac+ p(s)a,
Spu+ict(r)+Apr)a(r)
=u(c’(r),a’(r),7)
u(m —ap(r),a,r)
X
veex,r)=ul\c,——,7r
cx) =u(ogzsr)
inequality 15
maxv(m — x,x,71)
u =v(c,az(r))
V. =AVv—cVv,—azv, =l
_dv
" daz
u = e*w(a,r)
u=v(c—tr)+w(ar)

du  w} [0 [fawg\ w,
dr awg, lda\ w, wp?
2mN(r)- number of people who live at the smallest distance r from the center of the town.

RNT(T) -is a proportion of the circle with radious r that has to be used for the road, f (r) — is population

density at distance r on land not occupied by roads. The following applies:

Equation 59
—N'(r) = [r —kN®If (1)

VU2

equation 58

We what to maximize:
inequality 16

—fu(c(r),a(r), r)N'(r)dr

s.t. production constraint: — [ ¢c(r)N'(r)dr = Y; we have to choose functions ¢ and N for the integral

to be stationary:
r—kN ac | v
J [ele-Fr) e war

equation 60

As before : u,. = A, the Euler-Lagrange equation here it is: % [u— Ac — au,] = ku, Now we are
subjecting consumer with income m to the budget constraint:

inequality 17

-
c+p(r)a+J kp(s)ds <m
T1

Now form this taxes commuter subsidies may be introduced®.

Commuter subsidy is g(r). Person with income m will maximize:

inequality 18

u(c, a, r,f(r)) st.c+pr)a<m+q(r)

p(r) = u;/u; -is the marginal rate of substitution of the goods for land. And the derivation of the
commuter subsidy is:

equation 61

ur +upf'(r) = uclap’(r) — q'(M];

uiq'(r) = as-ug —up —wi ' ();

uy — a*(r)l%u;; + 2f"(r)uy +f(r)%u} =0;

% Subsidized commuting” is defined by BLS as providing full or partial payment for the cost of an employee's
commute to work via public transportation, a company sponsored van pool, discount subway fares, or bus tokens.
Use of a company car does not qualify as subsidized commuting
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uiq'(r) = f'uf + f) +ufp = = (fu7) ;
equation 62
[ vy
q(r) =—7~:

Optimization gives: ‘
inequality 19
u(c,a,s,£(s)) <u(c’(s),a*(s),s, f(s)) + [c — c* ()] + [a — a*()]uz(s)
= —f"(Sup(s) + u+ Ac+ Ap(s)a = u+ Alc + p(s)a — q(s)] < u+ Am
u(c,a,s,f(s)) <u(c* (@), a*(),r, (1))
Where : 1q'(r) = f'(rus + f(r)%uf yu =v,(c—tr)+v,(r) + w(a, f) and about the change in
income distribution:

equation 63
, , (Wf + fof - aWaf)(Ué - tﬂ.)
Aq'r) = (Wf A awaf)f (r) = a3Waq — 2aWqr + fWrp — 2wy
If the production function is given as:Y = H(N); production per capita is :h = H'(0) ; W(Y, N, B); B-is
the area covered by the town. Problem of the optimum geography is set as follows:
equation 64
nW(C,N,B) + (P — nN)u(cy, ay, 0,1/a,) -country dwellers enjoy consumption c, and area a,
inequality 20
nC + (P —nN)cy, < nH(N) + (P — nN)h-consumption constraint
inequality 21
nB + (P —nN)a, < A-area constraint
equation 65
We = ud; Wy = ud — ag*up; Wy = u® — We(co + H' — h) — Wya,constraints
equation 66
W — NWy — CW, — BWy + (H — NH'(N))W, = 0-nN remains constant ; whereWj-is the value of the
land added on the town periphery .We know that withing a town:
equation 67

u—Ac—Ap(Ma+1q(r)—u=0
If we multiply previous by rf (r) and integrate with respect to r from zero to the boundary of the town
we get:
equation 68

W—AC—Ajprdr+Aqufdr—uN=0

Combining previous two we get:

equation 69
0

NH’—sz(p—po)rdr—j(qf—?—o>rfdr

0
Where p° = %—is the price of the rural land, g° = aglu}’/l -is the basis of the commuter subsidy .One

can state that: Marginal product - Average product =Average excess rent per man -Average excess commuter
subsidy per man.

8. A theory of optimal capital taxation (Piketty, Saez (2012))

Here we will introduce just the most important equations from this paper Piketty, Saez (2012) in order to
see how bequest enter into the capital tax equation, so that this debate makes more sense. In this model
individuals maximize:

equation 70

maxVy = Vi(cti' Wi, bt+1i)

St ¢ +wy < Py = (1 = 1p)bye™ + (1 — 7 )yLy; Where §iy; = (1 — 75)be™ + (1 —1,)y,,, is total
after-tax lifetime income combining after tax capitalized bequest (1 — t3)b,;e™ and after tax labor income
(1 —7,)y.,, and where b,e™ = b,;(1 + R) this is capital bequest received=raw bequest b;; +return Rby; ; c; is
consumption,w,; is the end of life wealth ; b,.,; is the pre tax raw bequest left to the next generation,b,,,; =
(1 — 75)b.,1;e™ is after tax capitalized bequest left to the next generation, Tz > 0 is the tax rate on capitalized
bequest, 7, = 0 is the tax rate on labor income. V;; is the utility function assumed to be homogenous of degree
one to allow for balanced growth, and heterogenous individuals. Now production function is Cobb-Douglas:
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Vi(c,w,b) = c*=Siw*vib*i; s, > 0;sp, = 0;5; = 5, +5p, <1 . Where s, = 5;(1 —75)e™ T’Cb ; and

Sw; = Si ‘;l—w ; these are the tastes for bequest and wealth respectively, and V;. = V;,, - (1 — tg)e™ V;p; this is

the FOC for an individual. H represents the generation length, N.is the total population, per capita variables are
Ve ke 1, be . Now, if h, is per capita productivity, then [, = fiENt l;ih.;d; (raw supply of labor), generations rate

of return is R = e™ — 1 ; capital input is chosen so F, = R; and k, = Bﬁlt ; Where g = % = % or capital to
output ratio. Bequest transition is :
equation 71
beyq; = [(1 -y, + (1 - TB)btierH]
Tastes for savings are : s; = sy, + Sp,;; the annual capita to output ratiois:\f = H - =« (g) =a-

H
etH-1

as:

eert

= % . Capitalized bequest flow to output is b, = ; S0 now transition equation for bequests is given
equation 72
byrsr =1 —7)(1 - a)e " 4+ (1 - TB)e(r_g)Hbyt
Government budget constraint in the optimal tax problem look like: 7, y;, + Tgb,e™ = Ty, i.e. 7,(1 —
a) + tgb,, = 7 . Taxation of capital would be:
equation 73
75(1+R)
Ty =——

Tp is taxation on bequests, social welfare function to be maximized by the government is given as:

equation 74
1-T

SWF = Y20 a0
- wpzpe 1-T Z
z20;0=0

Where V,g = E(V;|z; = z; 6; = 6); where z,; = b;; /b, and ¢(z) is the distribution of normalized
bequest within cohort t. Aggregate savings rate is :s = E(s;) = ps;, where p os probability. And:

equation 75
R _1—u_cvk ]

Z =2 » +p Zys1 1-p [p 1

Where:u = s(1 —15)eT 9"y, = s(1 —15)e"9PH = %; z; = z is the normalized inheritance, and
productivity 8; = 6.Long run inheritance elasticity is :
equation 76
(1-1p) db,
€égp =
b, d(1-1p)

In general, ez > 0 with higher net-tax rate 1 — 7, . Steady -state formula for b,, is given as:
equation 77

s(1—a—1)etr9H
by = 1— se(r-9)H
In the case of linear SWF I = 0 and welfare weights w,,_,, = 1 if p, = 0 .For a zero receiver bequest
optimum is:
equation 78

Ty = 1-(1-a-1)spo/by T, = T-Tgby
1+ep+sSpo 1-a
Here wy,,, = 1ifp, > 0and I' = 0. A higher bequest elasticity ez unsurprisingly implies a lower 7.
As eg = +00; 75 = 0%. l.e. one would never tax an infinitely elastic tax base as in the dynastic model of
Chamley-Judd. Chamley (1986) and Judd (1985) show that the optimal capital income tax would be zero in the
long run. For a p, bequest receiver ; w, ,, = 1ifp, > 0and w,;,, = 1if p, # P, z is normalized inheritance
for the p, receivers:

equation 79
1-(A-a-1)s,, (A—ep+sp)z
T = by z
B 1+ep+ Sp
T-Tgby
="

Where s, = E(sb;|p,; = p,) is the average bequest taste for p, receivers 6, = E(6;|p,; = p,) average
productivity of p, receivers, p,; pg are the percentile ranks. The more unequal distribution of inherited wealth,
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the higher the optimal tax rate. With full wealth equality, there is no point in taxing bequests in this model.
Conversely, with infinite wealth inequality (almost everybody has zero wealth, and a vanishingly small fraction
has all of it), then p, — 1; almost everybody wants the same bequest tax rate as zero receivers. Now for the

TH p*

non-linear optimum taxes government constraint is: 7, (1 — a) + tgb;, = 7, where by, = = th ; IS capitalized
t

taxable bequests over domestic product,bi™ > bj is the average bequest. Then the pareto parameter is :a =

m
b,f’f et where Bf = p* - b{ - a/(a — 1). Now for the elasticity of taxable bequests ej; with respectto (1 — 75) :
t — Yt

equation 80
db; 1 - TB
d(1—1t5) by
eg is the average elasticity, which is weighted by the bequest size of individual bequests b;; > b}
.Nonlinear optimum tax for zero-bequest receivers is:

ep =

equation 81
1-(1-a—1)spy/b3 t—18b5
g = Y g =2
1+ep+sp, 1-a

With elastic labor supply the optimal tax formula would have become:

equation 82
1-(1-a-1-(1+e1))spo/by __ T-1Bby
1+ep+spo-(1+er) L™ q-a
This formula is similar to the inelastic case except that e, appears both in the numerator and
denominator. Tax rate 7 T e, Tif 7(1 + ep) + 5,0(1 — @) = b,,.

Tp =

9. A Simpler Theory of Capital Taxation (based on: Saez,Stantcheva, (2016))

In this model introduced in this paragraph there is a continuous time model with wealth in the utility
function. We study the case where utility is quasi-linear in consumption that allows us to transofrm the problem
in a static taxation problem. Suppose individual i has utility u; (¢, k,z) = ¢ + a; (k) — h; (z) where a; (V) is
increasing and concave and h; (+) is the standard disutility from labor. Agents have heterogeneous discount rates
;. The discounted utility is:

equation 83

Vi({c;(0), ki (), z;()}) = 6; f [Ci(t) + ai(ki(t)) - hi(Z(t))] e otdt
0

Motion of capital is :
equation 84
dk;(t)
T = Tki(t) + z,(6) = T(z,(0), mki () = ci(t)

T(zi(t),rki(t)) is the tax paid by the individual i and is dependent on income and capital returns.
Wealth accumulation depends on the taste for wealth a;(-) (assets) and in the impatience discount factor 6; . It
also depends on the net tax return ¥ = r(1 — Ty) ; capital taxes discourage wealth accumulation through a
substitution effect since there are no income effects. The Hamiltonian for the individual is:

equation 85

H(ci(8), ki (), (), 4:(1))
= [ci(®) + ay(ki(®)) = hi(2(0)]e ™% + 2,(O[rki(t) + ziey — T(2:(8), Tk (£) — ¢, ()]
Taking the FOC:

equation 86
Ui 70t~ 2,(6) = 0; 2 = —'(2()" " + 4O = T, (0, Tk ()] = =2(0)
._OH;

P a;(ki (t))e_s't + 4(®r[1 = Ty (z;(), rk; ()] = —2;(t)
By rearranging we get : () =1 ; R'(z(t)) =1 - T,(z(©),rk;(¢) ; a'i(k;(@®) =8 —r(1—
Ti(z;(£),7k;(£)) .Lets denote that (c; z;,k;) the steady state allocation. Now the objective function is

following:
equation 87

o Vi({c; (0), ki(t);zi(t)})_:_ c; +a;(k)) —hi(2) + 5i(kiinit - ki) N
k™ is the inherited level of capital; (k™ — k;) is the utility of cost of going from k™ to the steady-
state level. The government maximizes:
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equation 88

SWF = J-(Ui Ui(ci' ki,Zi)di

L

Where w; > 0 is the individual Pareto weight. The social marginal weight is: g; = w; * U;.. Optimal
linear taxes on labor and capital respectively are :t,; 7, . The individual chooses labor and capital according to :
aj(k;) = 6; —rand hi(z;) =1 —1t,; where 7 =r(1 —t;) .The government balances budget with lump-sum
transfers for G = t,vk™(¥) + t, where z™(1 — ;) = fiz,-di is the aggregate labor income, and k™ (r) = fiki
is the aggregate capital. Total consumption is :¢; = (1 — t,)rk; + (1 — 1)z; + T vk™(F) + 1, - z™(1 — 1)
and the government now maximizes:

equation 89

SWF = J (ul[(l - Tk)rkl' + (1 - TL)ZL' + Tkrkm + T zm+ ai(ki) - hi(zi) + 61' ' (kfnit - kl)] di
i

By using the envelope theorem we get:

equation 90

dSWF_J [ ko + k™ + ak™ kmU d Tk ]
dr, = | w;|-r T TkT' =r i— 1_Tkek

Where e, is the elasticity of aggregate capital with respect to the net of tax return 7 .At the optimum
dSWF

Where = 0 optimal linear tax is:
Tk

equation 91
1-0k
1-gr+ex
Where g, = fl.gl- ki/fl. k; 1.Now in the case of optimal nonlinear taxes, the individual budget constraint
is:c; = rk;— TK (rk;) + z; — TL (z;), now we will define G, (rk) ,the average relative welfare weight on
individuals with capital income higher than ;.
equation 92

Ty =

G (rk) = f({i:rkizrk}} gi d;
k ~ P(rk; = rk)
Let h, (r) be the distribution of capital income so that the Pareto parameter associated to the capital

income distribution is given as: a,(rk) = Zkzkgg where e, (rk) is the elasticity with respect to the net tax
—Hk

return r(l — T,Q(rk)). Government introduces small reform 6Ty (rk) where the marginal tax rate is increased by
61y in a small interval of capital income from rk — rk + d(rk) .The mechanical effect associated with the
reform is : d(rk)&t,[1 — H,(rk)].The welfare effect just weights the mechanical effect by G(rk) , the social
marginal welfare weight associated to the capital incomes above rk .Individuals who face increase in tax rate

change their capital incomes by §(rk) = _161;?(?/() and there are hy(rk)d(rk) individuals in the window
'k

affected by the tax change. By summing up the three effects we find :

equation 93

T, (rk 1 1—H,(rk _
k(f ) __ : K )-(1—Gk(rk))
1-Ty(rk) e (rk) m-he(rk)
By using the definition of Pareto parameter we derive:
equation 94
1-— G_k (Tk)

Ty(rle) =

1—G,(rk) + ap(rk) - e, (rk)

10. Conclusion

This paper is a survey of a set of models on: Bequest taxation, estate taxation, land taxation, optimum
town, Henry George theorem and capital taxation. Inequality arises with the size of the bequests, and the
temptation or probability to undertake wealth reform increases with RG~* credibility constraint is tied to higher
values of RG~1 ,Farhi,Werning (2014). Stiglitz (1978) argues that in the case of the balanced growth effects
with k constant, inheritance taxation does reduce inequality. But for the two-class model and for low values of
the elasticity of substitution proportion of the capital in ownership of workers will decrease as a result of the
taxation of bequest, but the capitalist share will increase. In Farhi, Werning (2010), the implicit estate tax is
strictly negative and increasing in the parent’s productivity. This model augmented with endogenous fertility a
la Becker, Barro (1988) gives result that marginal tax rates in this model should be negative and progressive. In
the HGT paper by Arnott, Stiglitz (1977) Optimal population is where resource costs equal marginal costs of the
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resources. While in the optimum town by Mirrlees (1972), optimum town size is determined where Marginal
product - Average product =Average excess rent per man -Average excess commuter subsidy per man. In
Piketty, Saez (2012), the more unequal distribution of inherited wealth, the higher the optimal tax rate. In
Saez,Stantcheva, (2016), taxation of capital is progressive with higher the average relative welfare weight on
individuals with capital income higher than r,.More importantly rate of return on capital vary with individuals,
with extent that is not optimally diversified, capital income taxation could be potentially desirable for the rate of
return insurance reasons. Because of capital market imperfections, lifetime capital income and wealth taxation
may be efficient way to implement optimal inheritance taxes. Higher values of r — g lead to higher wealth
inequality and with that to more progressive taxes on bequests. Taxes on the land estate and aggregate land rents
(based on land value) that equal expenditures on public goods, could be used to collect higher revenues if
government increase spending on certain public goods. Mirrlees (1972) concluded about inequality of income
distribution that is desirable even when individuals are identical, when because of economies of scale
production centers will be created but with the dispersed residence of workers. The optimum size of town can be
characterized conveniently not uniquely by the simple relationship that the excess of marginal over average
productivity in the central plant should equal the average excess of land rents (per head) over what they would
have been in the absence of the town minus a correction if environmental externalities are present. In the case
of environmental externalities presented as a case of a dependence of utility on local population density,
commuter subsidies can help competitive equilibrium to be realized. These model in future we can combine so
that we can empirically investigate the theoretical results that looked quite convincing.
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